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Chuong 1

Khong gian xac suat

Ngay nay,

1.1 Dinh nghia khéng gian xac suat
1.1.1 Bién c6 ngiu nhién va xac suat

Gia st Q 1a mot tap khac rdng nao do, ta ki hiéu 29 tap tat ca
cac tap con ctia Q) bao gom ca tap rong 0 va Q. Gia sir A la mot
tap con ctia 2.
Dinh nghia 1.1. A duoc goi la mét dai s6 néu

1.0e AvaQeA;

2. NéuAeAthi A=Q\A € A;

3. A dong doi vdi phép giao va phép hop hitu han: tic 1a, vdi moi
A1, ., Ap €A, taco UL A;va N A; déu thugc A.
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CHUONG 1. KHONG GIAN XAC SUAT 4
A duoc goi la mot o-dai s6 néu né théa man diéu kién 1,2 va
4. A dong doi vdi phép giao va phép hop dém duoc: tirc 1a, vdi moi
diay A;,i = 1,2,... cic phan tir ciia A, ta c6 Uis1A; vd Nis1A;
déu thudc A.
Dé thay moi o-dai s6 déu la dai s6. Tuy nhién ton tai cac dai
s0 ma khong phai la o-dai so.
Vi du 1.2. Gid sit Q la mét tip gom v6 han phan tir va A la ho tat
cd cdc tdp con A ciia Q sao cho A hodc Q\A chi ¢6 hitu han phan tit.
Khi dé A la dai s6 nhung khong phdi o-dai so.
Dinh nghia 1.3. Gid sit € C 29, o-dai sb sinh bdi C, ki hiéu la
o(C) 1a o-dai s6 bé nhat chira C.
o(C) ludn ton tai vi 2 1a mot o-dai s va giao cila moi ho bat
ki cac o-dai s0 cting la mot o-dai so.
Viduld. 1. A={0,Q}: o-daiso tam thuong.
2. Neéu A la mét tdp con ciia Q thi 6(A) = {0, A, A, Q}.
3. Neu Q = RY thi o-dai 50 sinh bdi tat cd cdc tdp md trén Q duoc
oi la o-dai s0 Borel, ki hiéu la B(IR?).
Dinh 1i 1.5. o-dai s0 Borel trén RY sinh bdi cic nita doan coé dang

T2 (=00, a;] vdi a; € Q vdi moii=1,...d. (Q la tdp cic s6 hitu t).
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Chung minh. O
Dinh nghia 1.6. Néu A la mot o-dai so trén Q thi (QQ, A) dugc goi
la khong gian do.

Dinh nghia 1.7. Gid sir (Q, A) la mot khong gian do. Anh xa P -
A — [0, 1] duoc goi [a mot d6 do xac suat néu

(1) P(Q) = 1:

(2) vdi moi diy gom dém duoc cdc tdp con (A;) cia A va doi mot

khong giao nhau (tic la A,y N A, = 0) ta co
P(US, A)) Z P(A))

Khi dé ta goi (Q, F, P) la mét khong gian xac suat, tdp Q la khong
gian mau. Moi phan tir w € Q goi la mot bién cb so cap. Moi phan
tir A € A goi la mot bién cb va gid tri cila P(A) duoc goi la xac suat
ctia bién ¢6 A. Néu hai bién c6 A va B théa man B € A thi B duoc
goi 12 thuan 1gi cho A. Hai bién co A va B dugc goi la xung khac
néu AN B = 0 va duoc goi la d6i lap néu A = Q\B.

Tinh chat thi hai duoc goi la tinh dém duoc cong tinh ctia do
do xac suat P. Néu anh xa P : A — [0, 1] théa man (1) va

(2") V6imoi A,B € Athdaman AN B = ta co

P(A U B) = IP(A) + IP(B)
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thi ta goi IP 1a d6 do hiru han cong tinh.

Ménh dé 1.8. Néu P la d6 do xdc sudt trén (Q, A) thi
1. P(0) =0,
2. P la hiru han cong tinh;
3. P(A°) =1 —-1P(A) véi moi A € A;

4. Néu A,B € Ava A C B thi P(A) < P(B);

1.1.2 Tinh lién tuc cta d6 do xac suat*

Tinh htru han cOng tinh khong kéo theo dém duoc cOng tinh.

Tuy nhién ta c6 cac khéng dinh sau.

DPinh 1i 1.9. Gid sir A Ia mét o-dai s6 va P : A — [0, 1] théa man
P(Q2) = 1 va la hiru han cong tinh. Khi do cdc khﬁng dinh sau la

tuong duong:
(i) P la dém duoc cong tinh;
(ii) Neu A, € Ava A, | 0 thilP(A,) | 0;
(iii) Néu A, € Ava A, | A thi P(A,) | P(A);

(iv) NeuA, e Ava A, T QthilP(A,) 1 1;

!Pinh li sau nén dugc bd qua & nhitng lan doc dau tién
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(v) Néu A, € Avi A, T A thi P(A,) T P(A).

Chung minh. Ki hiéu A, | A nghia la A1 C A, vOi moi n va
A=nNA, Tuongtu A, T Anghiala A, C Ay;qvaAU, A, Ta

sé lan luot ching minh
(1) & (v) = (iii) = (ii)) = (iv) = (v).

(i) = (v): Gid st A, T A. Xét day bién c6 By = A; va B, =
Ani1\A, v6i moi n > 2. Khi d6 (B,) 1a day bién cb doi mot rdoi
nhauva A =U> B,vaA, = Uy_,Br- Do do

P(A) = P(Uiz1B) = Y P(By).
k=1

Vay nén

P(A,) = ) P(B) T ) P(BY) = P(A),
k=1

k=1
(v) = (i): Gid st (A,)u»1 12 day bién cd do6i mot xung khac.

bat B, = UZzlAk' Taco B, T UlZlAk' Do do

P(U,A) = im P(B,) = lim ) P(A) = ) P(Ay).
k=1 k=1

(0) = (iii): Gid st A, | A. Dat B, = A°. Vi B, T A° nén
IP(B,) 1 P(A°). Do d6

P(Ay) =1-P(By) | 1 -P(A°) = IP(A).
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(iii) = (i) 1a hién nhién.

(ii) = (iv): Gid st A, T Q, khi d6 A¢ | @ nén IP(A%) | 0. Do
doP(A,) =1-TP(A%) T 1.

(iv) = (v): Gia st A, T A. Xét day bién c6 B, = A, U A°. Ta c6
B, TQnénP(B,) T 1. Do do

P(Ay) = P(B,) = P(A%) T 1= P(A%) = P(A).

Vi mdi A € 29, ta ki hiéu ham chi tiéu cta tap A bai

1 néuweA,
La(w) = <
0 néuw ¢ A.

Ta néi rang day A, € A hoi tu dén A, ki hiéu la A, — A néu
4, (w) = Ta(w) véi moi w € Q. Ta clng sé su dung cac ki hiéu
sau
limsup A, = ﬂ UAk’ lirr}iiann = U ﬂAk.
" n=1 k=n n=1 k=n
Do A la o-dai s0 nén néu A, € A vdi moi n thi limsup, A,
va liminf, A, cing thudc A. Hon nua, néu A, - Athi A =

liminf, A, = limsup, A, nén A € A.
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Dinh 1i 1.10. Gid st IP la d¢ do xdc suat va day bién c6 A, — A.
Khi d6 A € A vi lim, . P(A,) = P(A).

Chirng minh. Dat B, = NiepAx va C, = Uy Ar. ViIB, TAvVaC, |
A nén P(A) = lim, P(B,) = lim, IP(C,). Ma IP(B,)) < P(A,) <
IP(C,,)) v6i moi n nén lim,, IP(A,) = P(A). O

1.2 Xac suat trén khéong gian trang thai roi rac

Trong muc nay ta gia st Q 1a tdp c6 hitu han hodc dém duoc
phén tir va xét A = 29. Bé xac dinh moét do do xac suat P trén
(Q, A) ta chi can xdy dung mot anh xa p : Q — [0, 1] thdéa man
Y coPw = 1. Khi d6 véi mdi A € A, xac suat ctia bién c6 A la

P(4) = ) po

weA
Luu y la cc tong trén 1a hoan toan xac dinh vi moéi s6 hang
déu khong am va so6 s6 hang la khong qua dém dugc.
Dinh nghia 1.11. Xdc suat P trén tdp hitu han Q duoc goi la déu
neu py, = P({w}) khong phu thudc vao w.

Tir dinh nghia trén ta suy ra rang néu xac suat IP 1a déu thi
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vOi moi tap con A cua Q,

sO phan tr cuia tap A
P(A) = =P el

s phan tir ctia Q

Vi du 1.12. Gieo dong thoi hai con xiic xdc va quan sdt so chdm xudt
hién & mdt trén ciia moi con. Tap tat cd cdc két qud co thé co cila phép
thir la

Q=1{Gj):1<ij<6),

trong d6 i va j lan luot 1o s6 cham xudt hién & mdt trén con xiic xdic
thit nhat va thit hai. Q gom 36 bién co so cap. Néu hai con xiic xdic la
can doi va dong chdt thi cdc bién ¢ so cap sé cd cung khd ning xdy

ra va bang 1/36. Xét bién co
A = “xuat hién hai mdt c6 cing so cham”,

Khi d6 c6 tat cd 6 bién cb so cap thudn loi cho A nén IP(A) = 6/36 =
1/6.

Vi du 1.13. Trong hop c6 10 bi tring va 10 bi dd. Lay ra ngdu nhién
dong thoi 5 vién bi mét cdch ngdau nhién. Goi X la so bi tring trong
5 bi vira lay. Ta thay X ¢ thé nhdn cdc gid tri tir 0 dén 5 va ta mudn
xdc dinh xdc suat dé X nhdn méi gid tri nay. Ta thay so cich lay ra

5 bi tir hop la C5, trong khi d6 so cich lay ra 5 bi ma cd k bi tring I
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Ck ,Co K. Gid sit cic vién bi 6 cing khi ning duoc 1ay ra, khi do
k C5—k

P[X =k] = ——=—", k=0,...,5. (1.1)
CZO

Ta goi X la mot bién ngdau nhién va phin phoi ciia X dugc xdc dinh

bai (1.1).

1.3 Xac suat diéu kién

Trong thyc té nguoi ta thudong phai tinh xac suat dé mot sy
kién nao doé xay ra dua trén viéc moét su kién khac c6 lién quan
da xay ra. Ta xét vi du don gidn sau day: Xét phép thir gieo moét
con xuc xac can dbi va déng chat. Goi A 1a bién cb xuat hién
mat chan chdm va B 1 bién c6 s6 chdm xuat hién chia hét cho
3. Taco Q =1{1,2,3,4,5,6}, A = {2,4,6} va B = {3,6}. Do vay
P(A) = 1/2, IP(B) = 1/3 va IP(AB) = 1/6. Néu biét rang B da
xay ra, tic la c6 hai kha nang: mat xuat hién l1a 3 cham hoéac 6
cham, thi A xdy ra khi mat xuat hién c6 6 chAm. Do d6 xac suat
ctia A v6i diéu kién B da xay ra 1a P(A|B) = 1. Ta nhan thay gia
tri nay cling bang %. Tuong tu ta cling c6 xac suat dé€ B xay

IP(AB)

ra biét rang A da xdy ra la P(B|A) = % = P -

Diéu nay dua ta

dén dinh nghia sau.
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Dinh nghia 1.14. Gid sir A va B la hai bién co bat ki, trong dé
IP(B) > 0. Khi d6 xdc sudt dé bién cd A xdy ra bién rang bién co B da

xay ra la
P(AB)

Tir dinh nghia xac suat diéu kién ta suy ra cong thirc nhan
xéac suat sau

P(AB) = IP(A|B)IP(B).

Dinh nghia 1.15. H¢ cdc bién cb {As, ..., Ay} duoc goi la day da
néu nd la mot phan hoach ciia Q trong A, titc la

1. AinA; =0voimoii # j;

2. UM A= Q.

i=1
Gia st {Ay,...,A,} lamot hé day da cac bién co vai IP(A;) > 0

voi moi . Khi d6 véi bién cd B bat ki ta ¢6 P(B) = Y., IP(BA)).
Ap dung cong thitc nhan xac suat ta thu dugc cong thirc xéac

suat toan phan sau

P(B) = ) P(BIA)P(A)
i=1

Tu day ta cang thu dugc cong thic Bayes

PBIANP(Ar) _  P(BAy)P(A)

P(Ax|B) = P(B) Y. P(BIA)P(A;)
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Vi du 1.16. Trong hop co 10 ld tham, trong do chi ¢ 1 1d tring
thudng. Mudi nguoi choi lan lugt ldy ra mot cdch ngdu nhién (khong
hoan lai) ting ld thim tix hdp cho dén khi c6 ngquoi dau tién lay duoc
ld tham tring thudng thi dirng lai. Tinh xdc sudt tring thudng ciia
tirng nguoi choi? C6 nhdn xét gi vé két qud thu duoc?

Két qud rit tham sé thay doi thé nao néu trong 10 1d thiam cd 2 ld
triing thuong?
Vi du 1.17. Mét xét nghiém HIV cho két qud duong tinh vdi 90%
cdc truong hop thuc sy nhiém virus va cho két qud dm tinh vdi 80%
cdc truong hop thuc sy khong nhiém virus. Biét rang t 16 nguoi
nhiém HIV trong mot cong dong nao do la 1%. Mot nguoi trong
cong dong do co két qud xét nghiém dwong tinh. Tinh xdc suat dé
nguoi do thuc su bi nhiém virus.

Két qud trén thay doi thé nao néu t 1 nguoi nhiém HIV trong
cong dong 1a 0.1%.
Gidi: Goi DT va AT lan lugt 1a bién c6 ngudi d6 c6 két qua xét
nghiém la duong tinh va am tinh. Goi B va K lan luot 14 bién

cO ngudi d6 thyc sy nhiém virus va khong nhiém virus. Ta c6
1 99 9 8

P(B) = 7=, IP(K) = =, P(DTIB) = =, P(ATIK) = .

Vay xac suat ngudi dé thuc su bi nhiém virus véi diéu kién két
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qua xét nghiém la duong tinh la

P(DT|B)P(B) 1m0 1
P(DT|B)P(B) + P(DTIK)P(K) 2L ;29 ~ 23

P(B|DT) =

1.4 Su doclap

Dinh nghia 1.18. 1. Hai bién c¢o A va B duoc goi la doc lap vdi
nhau néu
P(AB) = P(A)P(B). (1.2)
2. Mot ho (c6 thé v6 han) cdc bién cb (Ai)ier duoc goi la doc lap
tirng do6i néu

]P(AIA]) = IP(AZ)]P(A]) voimoii # J €I (1.3)

3. Mot ho (cd thé vo han) cdc bién co (A;)ie; duoc goi la doc lap

trong toan thé néu

P(A; ... A) = P(A)...IP(A;) (1.4)
vdi moi tdp con gom hitu han cic phan tit phan biét {iy, ..., 1)}
cua I.

Ta c6 thé dé dang kiém chiing dugc rang néu A va B doc lap
thi
IP(A|B) = IP(A|B%) = P(A),
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tirc 1a xac suat dé A xay ra khong phu thudc vao viéc B da xay
ra hay khong.

Pinh nghia 1.19. Day n phép thir G4, ..., G, duogc goi la doc lap
néu moi day bién cb (A;)i»1, trong do A; la két qud ciia phép thir
Gi, i=1,2,...,n, déu dic ldp.

Vi du 1.20. Hai ban An va Binh thi ddu mot tran cau long gom 3
hiép. Ai thing it nhat hai hiép thi thang chung cudc. Biét ring két
qud ctia mdi hiép choi déu déc ldp v6i nhau va xdc sudt dé An thing
méi hiép déu bing p € (0,1).

1. Tinh xdc sudt dé An thing chung cudc.

2. Tinh xdc sudt dé An thang hiép thit nhat biét raing An thing
chung cudc.
Gidi: Goi A 1a bién c6 An thang chung cudc va A; 1a bién c6 An
thang & hiép thit i. Bién c6 A xdy ra néu An thang 2 tran hodc
ca 3 tran, tuc la
P(A) = P(AJA2A3) + P(A1A5A3) + P(A1A2A3) + P(A1A2A3).
Vi két qua cac hiép choi la doc lap voi nhau nén A;, A, Az la

cac bien co doc lap. Do do

IP(A) =)P(A7)IP(A2)P(A3)+IP(A1)P(A3)IP(A3)+IP(A1)P(A2)IP(A3)+IP (A1 )IP(
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ViP(A;)) =pvlimoii=1,2,3nén
P(A) = 3p*(1 - p) +p° = p*(3 - 2p).

Xac suat dé An thang hiép thir nhat biét rang An thang chung

cudc la
P(AA))  2p°A-p)+p° 2-p

AW T e i

Bai tap

Pai s6 va o-dai so6

1.1. Gid stt Q la mot tdp hitu han. CMR tdp tat cd cdc tip con ciia Q)

cting gom hitu han phan tir va la mét o-dai sé.

1.2. Gid sut (E, €) la mot khong gian dova f : QO — E. Goi
F={fYA):Aecé&).

CMR T ciing la mot o-dai so trén Q.

1.3. Gid sit Q = IN la tdp cdc s0 tu nhién va A la ho tat cd cdc tdp

con A ctia Q sao cho A hodc Q\A chi ¢6 hitu han phan tir. CMR A

la dai s6 nhung khong phdi o-dai 0.

1.4. Gid sir Q) = [0,1) va A la ho cidc tdp con A cia Q sao cho A co

thé biéu dién dudi dang hop ctia mot s hitu han cdc nira doan [a, b)

00i0 <a <b < 1. CMR A la dai s6 nhung khong phéi o-dai so.



CHUONG 1. KHONG GIAN XAC SUAT 17

Khéng gian xac suat
1.5. Gidsu A, B, C € A. CMR
1. P(A U B) = IP(A) + P(B) — IP(AB).

2. P(AUBUC) = P(A)+P(B)+P(C)— P(AB)— P(AC) - P(BC) +
P(ABC).
3. IP(A)P(B) — P(AB)| < 1.
4. P(AAB) < P(AAC) + P(CAB).
1.6. Gid s1F (G)aer la mot ho cdc o-dai s0 trén Q. Khi d6 NyerGa cling
10 mot o-dai so.

Xac suat diéu kién

1.7. Giad su IP(B) > 0. Khi do dnh xa A — P(A|B) tir A — [0, 1] xdc
dinh mot do do xdc suat mdi trén A, goi la d6 do xac suat véi dieu

kién B.
1.8. Gid str A, B,C € A v6i P(C) > 0. CMR
IP(A U B|C) = P(A|C) + P(B|C) — P(AB|C).

1.9. Gidsit Ay, ..., A, laddy cdc bién co thuéc A thda man P(A; ... A1) >
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0. Khi do
P(A; ... A,) = P(A)P(AsA;) ... P(AlA; . .. Ap_y).

1.10. Hop thit nhat c6 4 bi xanh, 6 bi d6. Hop thit hai c6 3 bi xanh va
7 bi @8. Chon ngdu nhién mot trong hai hop roi tir do lay ra 2 vién
bi.

1. Tinh xdc sudt dé 2 bi lay ra ciing cé mau do.

2. Biet rang 2 bi lay ra cung co mau do, tinh xdc suat dé cd 2 bi déu

thudc hdp thit nhat.

Gidi: Goi A;,i = 1,2 1a bién ¢ hop thit i dugc chon. Goi B la
bién cb ca 2 bi lay ra cing c6 mau do. Vi hai hop c6 cung kha
nang dugc chon nén P(4;) = P(Ay) = % Lai do {A1, Ay} lap
thanh mot hé day dd nén ap dung cong thic xac suat toan
phén, ta duoc

C:c1 CG1 2
P(B) = P(B|A1)P(A1) + P(B|A2)P(A2) = 5+ =5 = =
Clo2 Cp2 5

Xac suat dé bi léy ra thudc hop thu nhat véi diéu kién ca 2 déu

cO mau do la

P(A,|B) = H’(Blgggﬂ)’(z‘h) _ 15_2 |



Chuong 2
Bién ngau nhién

2.1 Bién ngiu nhién trén khong gian trang thai roi rac
2.1.1 Dinh nghia

Trong tiét nay ta lai gia st Q la tap khong qua dém duoc va
A = 28, Mot bién ngau nhién X 1a mot anh xa tir Q vao R. Mo6i
bnn 1a mot quan sat vé két qua cua phép thir. Phan phdi cua

bnn X la
P*(A) = P({w : X(w) € A)) = P(X"1(A)) = P[X € A].

Vi Q) c6 khong qua dém duoc trang thai nén tap gia tri cua
X cling la khong qua dém duoc. Gia st X nhan cac gia tri la

X1, X2, . ... Khi d6 phan phdi ctia X hoan toan c6 thé duoc xac

19
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dinh thong qua p* = P[X = xj], i > 1 bdi cong thiic
PX(A) = Z P[X = x,] = Z pX.

xiEA xiEA

Ta cting c6 thé viét phan phdi cia X dudi dang bang

X X1 Xo ... Xp

P[X=x]|pX py ... py ...
Pinh nghia 2.1. Gid sir X la bnn nhdn cdc gid tri la x1,xy,. . .. Khi

do, ta goi ki vong cua bnn X la dai lugng

E[X] := Z xiP[X = x;] = Z xiPzX

i i
néu tong trén cé nghia, titc 1o khi mot trong cdc truong hop sau duoc
thoa man

e Q ¢ hitu han phan ti;

o chudi Y Ixilp < oo,

e x; > 0 vdi moi i (trong truong hop nay EX c6 thé nhin gid tri
+00.
Nhan xét 1. Nhic lai la do Q la r0i rac nén ta c6 thé goi p,, la xdic
sudt dé bién cb so cap w € Q xdy ra. Khi dé ki vong ciia X dugc xdic
dinh nhu sau

E[X] =} X(w)pa.

we)
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Ta thay ki vong E[X] chinh la gid tri trung binh (theo trong so py)
cila cic gid tri ma X co thé nhdn. Dic biét néu X dong nhat bang

hing s c nao dé thi E[X] = c.

Ki hiéu £! 1a khong gian tat ca cdc bnn ¢6 ki vong hitu han

trén (Q, A, P). Ta c6 cac tinh chat don gian sau
Dinh 1i 2.2. Gid sir X, Y € L. Ta c6 cic khiang dinh sau
1. £ la mot khong gian véc to va

E[aX + bY] = aE[X] + DE[Y], VYa,belR

2. Néu X > 0thi E[X] > 0. Hon nita, néu X > Y thi E[X] > E[Y].

3. Néu Z 1a bi chin thi Z € L. Hon nita, néu bnn Z' théa man

1Z'| < Xthi Z' € L1
4. Néu X = 4 la ham chi tiéu ciia tip A thi E[X] = P(A).
5. Gia sit ¢ : R — R. Khi do

Elp(X)] = ) p@pl = Y p(X@))p

1 we)

néu tong trén coé nghia.
Nhan xét 2. Tn thay néu E[X?] = ¥, x?p < oo thi

E[|X]] = Z xilps < %quﬁ +1p = %(]E[XZ] +1) < oo.
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Pinh nghia 2.3. Phuong sai cila bnn X la
DX = E[(X - E[X])’]
Ap dung tinh chat tuyén tinh caa ki vong, ta c6
DX = E(X?) - (EX)?

va do do

DX = Zx pz szpz )2.

2.1.2 Vidu

Phan phéi nhi thire B(n, p)

Trong hop c6 L bi trang va M bi vang. Thuc hién phép thi sau:
lay ra ngdu nhién tir hop mot bi, ghi lai mau cta né roi tra lai
hop. Lap lai phép thir n 1an va goi X 1a s6 bi vang trong n bi da
dugce 1ay ra d6. Ta sé di tim phan phdi xac suat ctia bnn X.
Trude hét ta xac dinh khong gian xac suat cua phép thi.
Goi cac vién bi tréng la Ty,T5,...,Tr va cac vién bi vang la

Vi,..., Vym. Khong gian xac suat 1a
= {(wl,...,wn):wi € {Tl,...,TL,Vl,...,VM}, 1= 1,...,1’1}

cung vdi do do xac suat déu. Ta c6 so cac phan tu cua Q la

(L + M)". S6 lugng phan tir ctia tap {w € Q : X(w) = k} bang



CHUONG 2. BIEN NGAU NHIEN 23

CEMHL vk =0, .., . Do vy

PIX =K =Ci(37) (rg)  k=0..n

Dét p = 4- ta ¢6 phan phoi ctia X la

P[X =k] = C*p* 1 - p)"™*, k=0,...,n.
Ta goi phan phoi ctia X 1a phdn phoi nhi thitc véi c6 n va xac
suat p, ki hiéu 1a X ~ B(n,p). Mot cach tong quat, B(n,p) la
phan phodi ctia s6 lan thanh cong trong mot day n phép thu
doc lap lién tiép, trong do xac suat thanh cong cia moi mot

phép thir déu bang p € [0, 1].

Ta co
EX = Z KP[X = k] = Z kCEpk(1 — p)™
k=0 k=0
= np Z Cip ' —=p)y"* = np,
k=1
va
F(X?) = Z KP[X = k] = Z KACkpk(1 — p)r
k=0 k=0

=n(n-1p* ) Cp A —py ™ +np ) O A -py
k=2 k=1
= n(n — 1)p* + np,

vay nén DX = np(1 - p).



CHUONG 2. BIEN NGAU NHIEN 24

Phan phoéi hinh hoc

Thuc hién nhiéu lan mot day cac phép thur doc lap cho dén khi
thanh cong thi dirng lai. Gia st xac suat thanh cong 6 moéi lan
thtr déu bang nhau va bang p. Goi X 1a s6 phép thir trude khi
thanh cong lan dau tién. Bnn X dugc goi 1a c6 phan phéi hinh

hoc v6i tham s6 p € [0,1] va
PX=n]=p(1-p)", n=0,1,...

Tinh toan don gian, ta dugc

Phan phoi Poisson Poi(])

Bnn X duoc goi la c6 phan phobi Poisson vdi tham s6 A > 0, ki
hiéu 1a X ~ Poi(A) néu X nhan gia tri trong IN va

ek
k!’

P[X =k] = k=0,1,...
St dung khai trién Taylor ctia ham ¢ ta chiing minh duoc

EX =DX = A.



CHUONG 2. BIEN NGAU NHIEN 25

2.2 Bién ngau nhién trén khéng gian trang thai tong quat
2.21 Dinh nghia

Gia st (Q, A) 1a khong gian do da cho va B(R) 1a o-dai s6 Borel

trén R duoc xac dinh & Vidu (1.4,
Pinh nghia 2.4. Ham thuc X : QO — R duoc goi la A-do duoc hay
bién ngau nhién néu

X YB):={w:X(w)eB} €A vdimoiB e B(R).

Theo Dinh li[1.5/ta c6 két qua sau

Dinh 1i 2.5. Gid sit X : Q — R. Khi d6 cdc khang dinh sau la tuong

duong
1. X la bnn.
2. {w: X(w) <a} € Avdimoia € R.

Chitng minh. Khang dinh (1) = (2) 1a hién nhién, ta ching to
) = (1). Goi

C={BeB(R): X (B) € A}.

Ta c6 € la mot o-dai so (Tai sao?) va né chua tat ca cac tap ¢o

dang (—o0,a] v6i moi a € R. Do do6 theo Dinh 1i [1.5, € chua
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B(R). Ma € ¢ B(R) nén € = B(R). Tir day suy ra diéu phai

chung minh. O

Vi du 2.6. Cho khong gian do (Q, A). Vi moi tdp B C Q ta dé dang
kiém tra duoc I la bién ngdu nhién khi va chi khi B € A. Tong qudt
hon, néu x; € R va A; € A vdi moi i thudc tdp khong qud dém duoc
I nao do thi X(w) = Y. ;e xilla,(w) ciing la mot bnn. Ta goi X la bién
ngau nhién rdi rac. Khi [ chi gom hitu han phan tir thi X duoc goi

la bien ngﬁu nhién don gién.

Dinh nghia 2.7. Ham ¢ : RY — R dugc goi la ham Borel néu
¢~ 1(B) € B(R?) vdi moi B € B(R).

Nhan xét 3. Tir dinh nghia trén ta suy ra moi ham lién tuc deu
ham Borel. Do do cic ham (x,y) = x +y, (x,y) = xy, (x,y) —
x/y, (x,y) = xVy, (x,y) = x Ay cing la cic ham Borel. Trong

do ta ki hiéu x V y = max(x, y), x A y = min(x, ).

Dinh 1i 2.8. Gid su X, ..., X, la cic bun cung xdc dinh trén khong
gian do (Q, A)va @ : RY — Rlaham Borel. Khido Y = (X1, ..., Xa)

cung la mot bnn.

Chimng minh. Dat X(w) = (Xi(w), ..., Xs(w)) la ham trén (€, A)
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va nhan gia tri trong R?. V&i moi gy, ...,a; € R ta c6
d

d
X7 H(—oo, ai]) = ﬂ{w . Xi(w) < a;} € A.
i=1

i=1

Ap dung Dinh 1i [1.5 va lap luan tuong tu nhu trong chiing
minh Dinh 1i 2.5/ ta dugc X '(B) € A v4i moi B € B(RY). Tir d6
suy ra vdi moi C € B(IRY), do B := ¢~1(C) € B(RY) nén

YO = X e (O) € 4,
tuc la Y la bnn. O

Tir dinh 1i trén va Nhan xét ta c6 hé qua sau.
Hé qua 2.9. Gidstt Xva Y lahaibnn. Khido X+ Y, XY, X AY, X V
Y,|X|, Xt :=XV0,X =(-X)VO0uvaX/Y (néuY #0) ciing la cic
bnn.

Nhu vay tap cac bnn la déng kin ddi vdi cac phép toan s
hoc thong thuong.
Pinh 1i 2.10. Gid su (X,)u>1 la day bnn. Khi do cdc dai luong
sup, X, inf, X,,, lim sup, X, liminf, X, ciing la cdc bnn néu chiing

la hitu han.

Chirng minh. Ta co sup, X, la bnn vi voi moi x € R,
{w:sup Xy(w) <xp={ |{w:X,(w) <x} €A

n n=1



CHUONG 2. BIEN NGAU NHIEN 28

Cac chung minh con lai danh cho ban doc. O

Tir Pinh 1{ 2.10| ta suy ra rang néu day bnn X, hoi tu t6i dai

luong X, tucla X,,(w) — X(w) véimoi w € (), thi X cing la mot

bnn.

2.2.2 Cau truc cua bien ngau nhién

Dinh 1i 2.11. Gid sit X la bnn xdc dinh trén (Q), A). Khi do
1. ton tai day bnn r0i rac hoi tu déu theo w € Q dén X;

2. néu X la khong dm thi ton tai day bnn don gidn Y, sao cho
Y, T X.

Chitng minh. V6i méin > 1, dat X,(w) = £ néu & < X(w) < &L
vOi k € Z nao do6. Ta ¢6 X, 1a bnn rdi rac va | X, (w) — X(w)| < %
vdi moi w € Q. Do d6 day (X,,) hoi tu déu theo w dén X.

Gid st X > 0. Véi méi n > 1, dat Y, (w) = % néu = zn < X(w) <
sz’—nl voik €{0,1,...,n2"=1}naodo va Yn(w) = 2" néu X(w) > 2".

Khi d6 (Y,,) la day bién ngau nhién don gianva Y,, T X. O
Pinh nghia 2.12. Gid sir X la bnn trén (Q, A). Ta goi
o(X) := {X"}B) : B € B(R)}

li o-dai s6 sinh béi bnn X.
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Dinh 1i 2.13. Gid sit X la bnn trén (QQ, A) va Y la dnh xa tur Q
vao R. Khi d6 Y 1a o(X)-do duoc khi va chi khi ton tai ham Borel
@ :R— RsaochoY = p(X).

Ve mit truc giac ta coi o(X) 1a lugng thong tin vé phép thu
quan sat dugc tu bnn X va bnn Y 1a 0(X)-do dugc co nghia la
tir thong tin quan sét dugc tu X, ta c6 thé suy ra dugc gia tri

cua Y.

Chitng minh. Diéu kién du la hién nhién. Ta chitng minh diéu
kién can. Trudc tién gia st Y la bnn roi rac nhan cac gia tri la
Y1, Y2,.... Do Y la 0(X)-do dugc nén cac tap A, = {w : Y(w) =
y,} € 0(X). Theo dinh nghia ctia 6(X), ton tai day B, € B(R)
sao cho A, = X71(B,). Dat

C,=B,\U"' B;€ B(R), n > 1.
Ta c6 cac tap C, d6i mot roi nhau va X7 1(C,) = A,. Xét
p(x) = Z Ynlc,(x),

n>1

tacoY = p(X).

Trong trudng hgp tong quat, theo Dinh 1i 2.11| ton tai day

ham rdi rac Y, 1a 6(X)-do duge va hoi tu déu dén Y. Vay nén
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ton tai cac ham Borel ¢, sao cho Y, = ¢,(X). Ki hiéu
B ={xeR:dlim¢,(x)}.

Hién nhién B € B(R) va B > X(Q). Dat ¢(x) = lim,, ¢,(x)Ip(x).
Ta dugc Y = lim,, Y,, = lim, ¢,(X) = ¢(X). O

2.3 Ham phan phoi caa bién ngau nhién
2.3.1 Dinh nghia
Dinh nghia 2.14. Gid sit X la bnn nhdn gid tri trén R. Ham s6
Fx(x) =P[X <x], x€R,
dugc goi Ia ham phan phdi ciia bnn X.
Dé thay ham F = Fx thda man:
1. Néux < y thi F(y) — F(x) = Plx < X < y];
2. F don diéu tang;
3. Flién tuc trai va c6 gidi han phai tai moi diém;
4. lim,_, o F(x) = 0, lim,_,e0 F(x) = 1.

Nguoc lai, vdi bat ki ham s6 F : R — [0,1] théa man ba tinh
chét trén thi ton tai mot do do xac suat u trén (R, B(RR)) sao cho

F(x) = u((=o0,x)), voimoi x € R (Xem [3], muc 2.5.2).
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Trong tiét trude ta da lam quen vdi phan phdi ctia cac bnn
roi rac. Sau day ta gioi thiéu mot loai bnn thuong gap khac la

bnn c6 phan phéi lién tuc tuyét doi.

Dinh nghia 2.15. Bnn X duoc goi la cd phin phdi lién tuc tuyét doi

vdi ham mdt do fx néu
Fx(a) = P[X <a] = fﬂ fx(x)dx, VaelR.
Ham mat do f = fx théa man cac tinh chat sau day.
1. f(x) 2 0 véimoix e Rva [ f(x)dx = 1.

2. Pla< X <] = fab f(x)dx v6i moi s6 thuc a < b. Hon ntta,

vOi moi tap Borel A € B(IR) ta co
P[X € A] = j;f(x)dx. (2.1)
Tix tinh chat thi hai suy ra néu bnn X c6 phan phoi lién tuc
tuyét doi thi P[X = a] = 0 v&i moia € R.
232 Vidu

Sau day ta liét ké mot s6 phan phoi lién tuc tuyét doi thuong

gap nhat.
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Phan phoi déu U[a, b]

V&i mdi cap so thuc a < b. Bnn X duogc goi 1a c6 phan phoi déu
trén doan [g, b], ki hiéu 1a X ~ U[a, b], néu X nhan gia tri thuoc

doan [a, b] va c6 ham mat do

fX(x) —][[a b] (x).

Ham phan phdi cta X la

-

néu x < 4,

Fx(x) =42 pnéua<x<b,

T
EN

neu x > b.

—_

Phan phoi mii Exp(A)

Gia sit A > 0. Bnn X duoc goi la c6 phdn phoi mii v6i tham sb A,
ki hiéu l1a X ~ Exp(A), néu X nhan gia tri trén tap (0, 00) c6 ham
mat do

fx(x) = A7 Mg (%)

Ham phén phoi ctia X la

Fx(¥) = (1 = A7'e ™) g,00)(%).
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Phan phéi chuan N(a, ¢?)

Bnn X dugc goi la ¢6 phan phoéi chuan véi tham s6 4, 02 (o > 0),

ki hiéu 1a X ~ N(g, 0%), néu ham méat do ctia n6 c6 dang

1 _(x-a)?
e 22, xeR

fx(x) =

271102

Phan phéi chuan N(0, 1) duoc goi 1a phin phoi chudn tic.
Phan phéi Gamma G(a, p)

Bnn X dugc goi la c6 phan phdi Gamma véi thamsd a, p (a,p >
0), ki hiéu 1a X ~ G(a, p), néu ham mat do ctia né c6 dang

apxp—le—ax

I'(p)

fx(x) = I0,00) (%),

trong d6 T'(p) = fooo xP~le~¥dx.
Phan phoi mi la truong hop dac biét cia phan phdi Gamma

khi p = 1. Phan phdi G(3,%) duoc goi 1a phdn phoi khi binh

272
phuong véi n bac tu do (viét goi la x2(n)).
2.4 Kivong ctia bién ngiu nhién
2.4.1 Xay dung ki vong

Trude hét ta xdy dung ki vong ctia bnn don gian.
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Dinh nghia 2.16. Gid sit X lia bnn don gidn cd biéu dién

X = Z alls, (2.2)
i=1

voia; € Rva Aje Avdimoii=1,...,n Kivong cia X (hay tich

phan cila X doi vdi do do P) la

=

Ki hiéu tap cac bnn don gian 1a £, = £,(Q, A, IP). Dé thay

dinh nghia trén khong phu thudc vao cach chon biéu dién (2.2)

Hon nita néu cac a;1a d6i mot khacnhau thi EX := Y1, a,P[X =

a;] va dinh nghia nay trung véi Dinh nghia 2.1/ cho ki vong ctia

bnn xac dinh trén khong gian xac suat roi rac.

Gia st X va Y 1a thuoc L. Khi d6 ta ¢6 thé biéu dién ca X va

Y & dang (2.2) v6i cung mot phan hoach {A;,1 < i < n} cia Q

trong A. Gia st

n n

X = Zai]IAl., va Y = Z bi]IAi-

Ta c6 v6i moi a, B € R, aX + BY cling thudc L va c6 biéu dién

aX + BY = Z(ai +by)ly..
i=1

Vay nén E(aX + fY) = aEX + BEY, tuc la toan ti ki vong E c6
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tinh chat tuyén tinh. Mt khéc, E 1a toan tir khong &m vi néu
X <Y, taclaag; <b;véimoii=1,...,nthitacing co EX < EY.

Tiép theo ta xay dung ki vong ctia bnn khong am. Vi moi

bnn khong am X ta dat
EX =sup{EY : Ydon gidnova0 <Y < X}. (2.3)

Dé thay supremum trén ludn ton tai va thuoc [0, co]. Do E la

toan tu khong am trén £, nén ki vong theo Dinh nghia2.3|cta

bnn X don gian chinh bang ki vong cta X theo Dinh nghia
2.16.
Luu y rang EX > 0 nhung ta c6 thé c6 EX = +oco mac du X
khong bao gio nhan gia tri +oo.
Tiép theo, ta dinh nghia ki vong cho bnn bat ki.
Dinh nghia 2.17. 1. Bnn X duoc goi la kha tich néu E(|X]) < .
Khi do, ki vong cua X la

EX =E(X") - EX"). (2.4)
Ta ciing ki hiéu EX = f X(w)dP(w) = f XdP.

2. Néu hai gid tri B(X*) va B(X") khong dong thoi bang +oo thi

ki vong ctia X van duoc xdc dinh béi cong thitc (2.4) vdi luu v

ring +00 +a = +00 vl —00 +a = —oo vdi moi a € R.
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Khi X > 0 thi X = X™ va X~ = 0 va do d6 Dinh nghia 2.4

trung vdi Dinh nghia 2.3/ cho bnn khong am. Ta ki hiéu £! =
L1(Q, A, P) 1a tap cac bnn kha tich.

Bo6 dé 2.18. Gid sit X la bnn khong dm va (X,)n>1 la day bnn don
gidn ting dan tdi X. Khi d6 EX,, T EX.

Chitng minh. Ta c6 (EX,),>1 la day tang va bi chan trén boi EX

do Dinh nghia 2.3 nén (EX,,),>1 hoi tu tdi a < EX. Dé chung t6

a = EX ta chi can chi ra rang v6i moi bnn don gian Y thda man
0<Y<Xtadeéuco EY <a.

That vay, gia st Y nhan m gia tri khac nhau vy, ..., y,. Dat
Ay = {w : Y(w) = yx}. V&i moi € € (0,1], xét day bnn Y, =

(1 - €)Yj1-¢)y<x,}- Ta 6 Yy, la bnn don gian, Y, < X, nén
EY, <EX, <avdimoin. (2.5)

Lai do Y < lim, X, nén véi moi w € Q, ton tai n = n(w) sao cho
(1-¢e)Y(w) < Xy(w), tacla Ay N{w : (1 —e)Y(w) < X, (w)} — Ag
khi n — 0. Theo Pinh 1i{1.10
EY,.=(1-e¢) Z yP(Ac N [(1- €)Y < X,])
k=1

—(1-¢) Z yP(A)) = (1 - €)EY, khin — co.
k=1
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Két hgp véi (2.5) ta c6 (1 — €)EY < a voi moi € € (0,1], tic la

EY <a. O

Dinh 1i 2.19. 1. £ Ia khéng gian véc to va ki vong la ki vong la
todan tir tuyén tinh trén L1, titc 1 véi moi X, Y € L1 va x, y€R

ta cé aX + BY € L' va

E(aX + BY) = aEX + BEY.

2. Neu0<X<YwvaYellthiXe L'viEX<EY.

Chitng minh. Phan 2 suy ra truc tiép tir Dinh nghia 2.3, Dé

ching minh phan 1 trudc hét ta ¢6 nhan xét rang néu X va

Y 1a hai bnn khéng am va a, 8 > 0 thi theo Dinh 1i2.11| ton tai

hai day tang khong am (X,) va (Y,) trong L lan luot hoi tu
dén X va Y. Khi d6 aX,, + BY,, ciing la cac bnn don gian, khong
am va hoi tu dén aX + Y. Ap dung tinh chét tuyén tinh va

khong am ctia toan tir ki vong trén Lg va B6 dé 2.18 ta duoc

E(aX + BY) = aEX + BEY.

Bay gio ta chitng minh Dinh 1i 2.19| Xét hai bnn X, Y € £!

bat ki. Do [aX + Y| < |al|X| +|8||Y]| nén aX + BY € L. Ta c6 néu
a > 0 thi

E(aX) = E((aX)")-E((aX)") = E((X"))-E(a(X")) = aE(X")-aE(X") =
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Tuong tu khi o < 0 ta cing co
E(aX) = E(aX)")-E((aX)") = E(-a(X"))—-E(—a(X")) = —alE(X")+alE(X
tuc la

E(aX) = aE(X) v6i moi a € R. (2.6)

Mat khac, datZ = X+ Ytaco Z"—-2Z2" = X+Y = X +
Y"—(X"+Y"),suyraZ"+ X +Y =72+ X"+ Y". Do vay
E(Z")+EX")+E(Y")=EZ")+EX") + E(Y"),suy ra

EZ = E(ZY)-E(Z") = B(X")+E(Y")-E(X")-E(Y") = EX+EY.

Két hop vdi (2.6) ta dugc

E(aX + BY) = E(aX) + E(BY) = aEX + BEY.
O

Mot bién cd A dugce goi 1a xay ra hau chic chin néu IP(A) = 1.
Do vay ta néi hai bnn X va Y bang nhau hau chac chan néu
P[X=Y]=1

Tir Binh 1i trén ta c6 hé qua truc tiép sau.

Hé qua220. 1. NéuY € L' va bnn X théa man |X| < Y thi X €
Ll

2. Néu X >0h.c.coa E(X) < oo thi X < o0 h.c.c.
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3. Néeu E(|X|) = 0thi X = 0 h.c.c.

Chirng minh. 2) Bat A = {w : X(w) = oo}. V&i moi n ta co X(w) >
X(w)llg(w) = nll4(w) nén E(X) > nlP(A) v6i moi n. Do d6 P(A) <
EX) 0 khin — co. Vay P(A) = 0.

3) Dat A, = {w : |X(w)| = 1/n}. Ta c6 (A,)ux>1 1a day gidm va
P(X # 0) = lim,« IP(A,). Hon ntta

%HAn(w) < [X(w)ll, @) < [X(@w)|

nén P(A,) < nE|X| = 0 v6i moi n. Vay P(A) = 0tacla X =0

h.c.c. O

Dinh 1i 2.21. Néu hai bnn khd tich X va Y bing nhau hdu chic chin
thi EX = EY.

Chitng minh. Trudc hét ta xét trudng hgp X va Y déu khong
am. Dat A = {w : X(w) # Y(w)}. Ta c6 IP(A) = 0. Hon nua,

EY = E(YI, + Yl4) = E(YLy) + E(YLye) = E(YT4) + E(XL4e).

Gia st (Y,) la day bnn don gian tang dan dén Y. Khi d6 (Y1)
cing 1a day bnn don gian tang dan dén (Y14). Gia st v&i moi

n>1,bnn Y, bi chan bdi N,, thi

0 < E(Y,I4) < E(N,I4) = N,P(A) = 0
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voi moi n. Vay nén E(YI,) = 0. Tuong tu E(XI4) = 0. Do do
EY = EX.

Trong truong hop tong quat, tir X = Y hce ta dé dang suy
ra X* = Y"va X" =Y hcc. Do d6 ta cing ¢6 EX = E(X") —
E(X™) =E(Y") -E(Y") =EY.

O

Vi su bang nhau hcc gitta hai bnn 1a mét quan hé tuong

duong, ta ¢ thé dinh nghia khong gian L! 1a khong gian thuong

ctua £! vdi quan hé tuong duong d6. Tix Dinh 1i 2.21|suy ra ta

c6 thé xac dinh “ki vong" ciia mot phan tif ctia L! bédi ki vong
clia mot bnn bat ki trong 16p tuong duong tng véi phan tu
do. Lai do phép cong va phép nhan v6 hudng cta cac bnn bao
toan tinh chat bang nhau hce nén L! 1a mét khong gian véc to.
Tir nay vé sau, néu khong gay nham 1an ta sé dong nhat moi
bnn véi 16p tuong tuong chita no va ta sé viét X € L! thay cho
X € L. Tuong ty v4i moi p € [0, ), ta ki hiéu £F 1a tap hop
cac bnn X thoa man E(|X|) < co va L? la khong gian thuong

ctia £P v&i quan hé tuong duong bang nhau hec.



CHUONG 2. BIEN NGAU NHIEN 41
2.4.2 Dinhli giéi han
Pinh 1i 2.22 (Dinh 1i héi tu don diéu). Gid su day bnn (X,,)y>1 la
khong dam va ting hee tdi X, khi do lim,, . EX,, = EX (ké cd khi
EX = o).
Chiing minh. V&i mdin goi (Y, x)i>1 12 day bnn don gian tang téi
X, va dat Z, = max, <k Yo Khi d6 (Zy)k>1 1a day khong giam
cac bnn don gian khong &m vay nén ton tai Z = limy_,, Zj. Lai
cO

Yk <Zyk<X Vn<k

nén cho k — oo ta duoc
X, <Z <X hc.

Tiép theo cho n — oo ta dugc Z = X hee. Do ki vong 1a toan tu

duong, ta co

EY,« < EZ <EX; Vn<k

C6 dinh 1 va cho k — oo, theo B6 dé[2.18|ta duac

EX, < EZ < lim EX.

k— o0

Lai cho n — oo ta duoc

lim EX, < EZ < lim EX,.

n—o00 k— o0
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Do biéu thtic tan cing bén trai va phai ctia cong thic trén la

bang nhau, X = Z hcc, ta dugc diéu phai chitng minh. O

Dinh 1i 2.23 (B6 dé Fatou). Gid st day bnn (X,,) thda man X, > Y

hee voi moinva Y € LY nao do. Khi do

E(liminf X,) < liminf [EX,,.

n—-00 n—-00

Chirng minh. Trudc hét ta chirng minh Dinh li cho truong hop

Y =0.Dbat Y, = infis, Xi. Ta c6 (Y},) la day bnn khoéng giam va

lim Y, = iminf X,,.

Do X, > Y, tacé EX, > EY,. Két hgp voi dinh i hoi tu don

diéu cho day Y, ta duoc

liminf [EX,, > lim [EY,, = E(lim Y,) = E(lim inf X,)).

n—0oo n—oo
Truong hgp tong quat suy ra tir viéc ap dung két qua vira

ching minh cho day bnn khong am X, := X,, - Y. O

Pinh 1i 2.24 (Dinh 1i héi tu bi chan Lebesgue). Gid sur day bnn
X, héi tu hee dén bnn X va ton tai Y € L' sao cho | X,| <Y hec. Khi
do X, X, € L' va

lim E(X, ~ X)) = 0.
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Chitng minh. Vi|X| < Ynén X e L. DatZ, = |X, - X|. ViZ, = 0

va —Z, > -2Y, ap dung B6 deé Fatou cho Z,, va —Z,,, ta dudc

0 =E(limintZ,) < liminf[EZ, < limsup EZ, = —liminfE(-Z,) < —E(li

n—oo n—0oo N—00 n—oo

Vay lim,—.e EZ, = 0 hay lim,_e E(IX, — X[) = 0. 0

2.4.3 Mot sb bat dang thic

Dinh 1i 2.25. 1. (Bit ding thitc Cauchy-Schwarz) Néu X, Y € L2
thi XY € L' va

IE(XXY)]? < E(X?)E(Y?). (2.7)

2. L2 c LY va néu X € L? thi (EX)? < E(X?).

3. L2 1o mot khong gian véc to: néu X,Y € L?> va a,f € R thi
aX + BY € L2

Chitng minh. Néu E(X?)E(Y?) = 0thi XY = O h.c.cnén |E(XY)* =
E(X?)E(Y?) = 0.

Néu E(X?)E(Y?) # 0, 4p dung bat dang thitc 2|ab| < a? + b?
véia = X/ AJE(X2) va b = Y/ yJE(Y?) r6i lay ki vong hai vé, ta

duoc

XY X? Y2
2( \/]E(Xz)lE(W)) - E(E(XZ)) ' ]E(IE(Yz)) a
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Tur do ta duoc (2.7).

Ap dung (2.7) cho Y = 1 ta dugc khang dinh thi hai. Khang

dinh thu ba suy ra tu (2.7) va tinh tuyén tinh cda ki vong. O

Néu X € L?, ta ki hiéu
DX = E[(X - EX)?].

DX dugc goi la phuong sai cia bnn X. N6 ddc trung cho do
phan tdn cua X xung quanh gia tri trung binh EX. St dung
tinh tuyén tinh cta ki vong, ta c6 DX = E(X?) — (EX)>.

Dinh 1i 2.26. 1. (Bt dang thitc Markov) Gid sir X € L, khi d6 vdi

moia >0,

P(X| > a) < IE(LXD.

2. (Bét ding thitc Chebyshev) Gid sit X € L?, khi d6 vdi moi a > 0,
DX
P(X - EX| >a) < .

Chitng minh. 1) Do allyxjsqy(w) < [ X(w)|Lxjzey(w) < [X(w)| vOi
moi w € Q. Lay ki vong hai vé ta duoc alP(|X| > a) < E(|X]).
2) Ap dung Bat déng thuc Markov, ta co

DX
P(X - EX| > a) = P(X - EX]* > a%) < —
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2.44 Ki vong ctia bnn c6 phan phéi lién tuc tuyét doi

Dinh 1i 2.27. Gid sur bnn X c6 ham mdt d6 f va h : R — R la mét
ham Borel. Khi d6 néu IE(Jh(X)|) < oo hodc h la khong dm thi

E(h(X)) = fh(x)f(x)dx.

Chitng minh. Trudc hét ta xét truong hop h > 0. Khi d6 ton tai
day cac ham Borel don gian, khong am (k) téng dan t6i h. Gia
st hy, = Y. 'y v6i a € R* va A" € B(R) v6i moi i. Theo

dinh 1i hoi tu don diéu

ky
E(h(X)) = E(lim h,(X)) = lim E(#,(X)) = lim Z hy(a")P[X € A”].
i=1

Ap dung tinh chat (2.1) va dinh li héi tu don diéu, ta dugc

kn
E(h(X)) = lignl; h.(al) ‘L : flx)dx = lign f fx)h,(x)dx = f fx)h(x)dx.

Vay khi h khong am ta luon co E(h(X)) = f h(x)f(x)dx.
Trong trudng hop tong quat, ap dung két qua trén cho h* va

h™ ta dugc diéu phai ching minh. O

Vi du 2.28. Gid sir bnn X ~ Exp(1). Khi do dp dung Dinh 1i2.27

cho h(x) = x va h(x) = x? ta duoc

EX = f xe Ydx =1,
0
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va

EX? = f x2e %dx = 2.
0

2.5 Phan tir ngau nhién
2.5.1 Dinh nghia

Tong quat hoa khai niém bnn ta c6 khai niém phan tr ngau
nhién nhu sau.

Dinh nghia 2.29. Gid st (E, &) la mot khong gian do. Anh xa X :
Q — E duoc goi la A/E-do duoc hay la mét phan tir ngau nhién
néu X-1(B) € A vdi moi B € &. Ham tdp

P*(B) = P(X"'(B)), Beg,
dugc goi la phan phdi xac suat cila X trén (E, €).

Néu (E, &) = (R, B(RY)) thi phan tit ngdu nhién X con dugc goi
la véc to ngau nhién.

Trong R? ta c6 thé dua vao quan hé thit tu bd phan nhu sau.
Véix = (x1,...,x5) vay = (y1,...,Ya), ta viet x < y néu x; < y;
voimoii=1,...,d.Giasa X = (X3, ..., X;) la véc to ngau nhién

d-chiéu xac dinh trén (Q, A, IP). Ham s

F(x) =P[X <x]=P[X; <x1,...,Xs <x4], xeRY
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dugc goi la ham phdn phdi cta véc to ngau nhién X. Dé dang
kiém tra duoc F c6 cac tinh chat sau:

1. 0 < F(x) <1 véi moi x € R%.

2. limy ,_ o F(x)=0véimoik=1,...,d.

4. Ham F lién tuc trai.
Véc to ngau nhién X duoc goi 1a c6 phdan phoi lién tuc tuyét doi
vdi ham mdt @6 f : R? — R* néu
F(x) = f f(u)du, v&imoix € R
u<x
Tur dinh nghia nay ta c6 ngay
P[X € B] = fB f(x)dx, véimoiB € B(RY).

Dac biét, ta co

P[X; € B;] = P[X € B;xR%!] = f (f

, 1f(xl,...,xd)dxz . ..dxd)dxl vOi
B1 R4~

Do dé néu X = (Xy,...,X,) 1a véc to ngau nhién c6 phan phéi
lién tuc tuyét doi voi ham mat do f thi bnn X; cting c6 phan
phoi lién tuc tuyét doi vai ham mat do la

fx, (x1) = f]R » fx1,x2,...,x9)dxy . ..dxg, vOimoix; € R

(2.8)
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Tuong tu nhu Dinh 1i2.27, ta c6 két qua sau.

Dinh 1i 2.30. Gid sit X = (X3, ..., Xy) la véc to ngau nhién cd phin
phoi lién tuc tuyét doi vdi ham mat do f va @ : R* — R la ham do
duoc. Khi do

Elp(0] = | () feods

néu @ khong am hodc f]Rd ()| f(x)dx < oo.

2,52 Vidu

Phan phoi chuin

Gidstta = (a,...,a4) la véc to d-chiéu va M = (mi,j)zjzl la ma
tran vuong cap d. Gia st M d6i xing, xac dinh duong va ki
hiéu A = M. Ta ndi véc to ngau nhién X = (Xy,...,X,) c6
phan phoi chuan N(a, M) néu méat do cta X c6 dang

Vdet A

(27I)d/2
trong do (x —a)A(x —a)" = X; ). aii(x; — ai)(x; — a;).

1
p(x) = exp { — E(x —a)A(x — a)*},
Phan phéi da thirc

Véc to ngdu nhién d-chiéu X dugc goi la ¢6 phan phdi da thic

v6i tham s6 n,py, ..., pg, ki hiéu 1la X ~ MUT(n;py, ..., p4), voi
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neNvapy,...,ps > 0néu

P[X, = ki,..., Xy = kil = — 0 phgla e
X =k Xa = kal = o PPy Py

trongdépd+1=1—(p1+...+pd), OSkiSVlVékd_H:Tl—(kl-i-

...+kg) >0.

2.5.3 Phan phéi ctia ham ctia véc to' ngiu nhién

Dinh i sau la hé qua truc tiép cia Dinh 1i 2.30|va cong thitc d6i

bién s6 Jacobi trong giai tich.
Dinh 1i 2.31. Gid sit véc to ngau nhién X = (X3, ..., Xy) c6 mdt do

fx. Gid sir ¢ : R? — RY la don dnh khd vi lién tuc vdi ma trgn Jacobi

T (ag% >)
x) = |==(x
’ 0X;j i, =1,

khong suy bién vdi moi x € RY. Khi d6 véc to ngau nhién Y = g(X)

co mat do

fx(g ()l det Joa(y)l  néu y € g(RY)

0 neu y ¢ g(R%).

fr(y) =4

2.6 Bién ngiu nhién doc lap

Dinh nghia 2.32. 1. Cic o-dai s6 con (A;)ier ctia A dugc goi la

doc 1ap néu vdi moi tdp con hitu han | cita I va vdi moi A; € A,
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ta co

P(nigA) = | | P4y,
€]
2. Cac bnn (X;)ie; nhin gia tri trong (E;, €;) dugc goi la doc lap

néu cic o-dai s6 (X;'(€:))ier o ddc lip.

Mot ho cac tap con € cia Q duge goi 1a mot i-hé néu nd
dong kin do6i voi phép toan giao, titc 1a A N B € € véi moi
A,B € €. Ho cac tap con D cta Q dugc goi la mot A-hé néu

e D dong doi voi phép lay gidi han tang, tic 1a vdi moi day

A1 C Ay C...thudc D, ta co U> Ayn€D;
e D déng ddi voi phép lay hiéu thuc sy, tirc 1a voi moi A, B €

‘D, A CBthi B\A € D.

Bé deé 2.33 (Dinh li vé 16p don diéu). Gid sir @, D la hai ho cic tap
con cua ), trong do C la mot m-hé, QO € C va D la mot A-hé chita C.

Khi d6 o(C) C D.

Bo dé 2.34. Gid sir G va F 1a hai o-dai s6 con ciia A va G, va F 1
hai 1t-hé thoa man o(G1) = G va o(F1) = F. Khi do G doc lap voi F
khi va chi khi F1 va G doc ldp, tic la

P(FNG) =PE)PG), FeTy, Ge G
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Chirng minh. Gia st 1 va G; 1a doc lap. C6 dinh F € JF va xét
or = (GeS:P(ENG) = PEYPG)).

Dé dang kiém tra duoc of 1a mot A-hé chira i-hé G;. Ap dung

dinh 1i vé 16p don diéu ta dugc or = G, tuc la
P(FNG) =P(F)P(G), Fed, Geq.
Tiép theo v&i moi G € § lai xét
oc = {F € F:P(FNG) =P(F)P(G)}.

Ta cung c6 o¢ la A-hé chira t-hé J71 nén o = JF. Tu day suy ra

diéu phai ching minh. O

Dinh 1i 2.35. Gid sit X va Y la hai bnn bét ki. Cdc khing dinh sau

la tuong duong.
(1) X doc lgp voi Y;
(1) Fxy(x,y) = Fx(x)Fy(y) voi moi x,y € R;
(iii) f(X) va g(Y) la ddc ldp vdi moi ham Borel f,g: R — R;

(iv) E[f(X)g(Y)] = B[f(X)|E[(Y)] vdi moi ham Borel f, g : R —

R cung bi chan hodc cung khong am.
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Chirng minh. (i) = (ii): Gid sit X ddc lap voi Y, khi d6 hai bién

Z
A

x,y € R. Ttr day suy ra (ii).

co {w : X(w) < x} va {w : Y(w) < y} cing la doc lap voi moi

(ii) = (i): Do tap cdc bién c6 {w : X(w) < x}, x € R, 1a mot

ri-hé sinh ra 0(X) va {w : X(w) < y}, y € R, la mot n-hé sinh ra

o(Y) nén ap dung B6 dé2.34{ta c6 X doc lap vdi Y.

(i) = (iii): V&i moi A, B € B(R), ta ¢6 f~1(A), ¢ L(B) € B(R)

nén

P(f(X) € A, g(Y) € B) = P(X € f(A),Y € g"'(B))

=P(X € f(A)P(Y € g7'(B)) = P(f(X) € A)P(g(Y) € B).

Vay nén f(X) doc lap vai g(Y).
(iif) = (i): Ta chi can chon f(x) = g(x) = x.

(i) = (iv): Do (i) tuong duong vdi (iii) ta chi can ching t6

E(XY) = E(X)E(Y) v6i moi bnn kha tich hoac khong am X va Y.

Trudc hét ta gia sit X va Y khong am. Theo Dinh 1i

2.11

ton tai

day bnn don gian X,, = Zle a;l4, ting dén X va day bnn don
gian Y, = Z;”Zl bllp; tang dén Y véi A; € o(X) va B; € a(Y). Ap
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dung dinh 1i hoi tu don diéu, ta co

Tl lVl 7’[ lTl
E(XY) = lim B(X,Y,) = lim Z Z aibiP(A;B)) = lim Z Z aibiIP(A;)IP(

TrE A R
kn In
= lim ()" aP(A))( ) bP(B))) = lim E(X,)E(Y,) = EX)E(Y).
i=1 j=1

Trong trudng hop tong quat, taviét X = X*—X"vaY = Y*-Y~.
Lai do (i), ta c6 X* doc lap voi Y™, do do
EXY)=EX'Y)+EXY)-EX"Y")-EXY")

= EX"E(Y") + E(X)E(Y") - E(X")E(Y") - E(X")E(Y") = E(X)

(1v) = (i): Chon f = ]I(_oo,x) va g= I[(_oo,y).

(iv) = (v) 1a hién nhién. O

Hé qua 2.36. Gid sir (X,Y) la véc to ngdu nhién cé phan phoi lién
tuc tuyét doi. Khi do X va Y la déc ldp khi va chi khi

foxn(x,y) = fx(x) A (y), vdimoix,ye€R. (2.9)

Vi du 2.37. Gid sir X va Y la hai bnn doc ldp c6 phan phoi Poisson

001 tham s6 lan lugt 1a A va u (A, u > 0). Vi moi so ty nhién n,

1P(X+Y:n):Z]P(X:k,Y:n—k):Z]P(X:k)lP(Y:n—k)

e MAfe” NN ko k €A+ )"
_Z K (n— k)' Tl ZC““‘ - nt
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Viy nén X + Y cd phdn phoi Poisson vdi tham so A + u.

Vi du 2.38.a) Gid sit X va Y la hai bnn djc Idp vdi cung phin
phoi chuin N(0,1). Khido U = X+ Y wa V = X =Y cing la
hai bnn déc ldp v6i ciing phan phoi chudn N(0,2). Thdt vdy, dit
e(x,y)=(x+y,x—vy)tacé g Hu,v) = ((u+0)/2,u-0v)/2)va

1/2 1/2 )

Jg1 0, 0) = (1/2 ~1/2/

Ap dung Dinh 1i2.31|ta duoc

U+0 U—0

fuv(u,v) = f(XY( , )'det]g 1(u, U)'

Ap dung Hé qua 2.36| ta dugc

le™ (u+v) /8 —(u 0)2/8 1

o= PR - L

Ap dung cong thitc 2.8) ta c6 mat do ciia U I

—u2/4
fulu) = ff(uv (u,v)dv =
4n
Tuong ty mdt Ao cua V la
6—02/4

fv(v) = ]Rf(u,v)(u, v)du = \/E

Do dé U va V ciing c¢é phin phoi chudn N(0,2) va hon nita

fuvy(u,v) = fuu)fv(v), voimoiu,veR,
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vdy nén theo Hé quad |2.36| X ddc ldp voi Y.

b) Tiép theo, xét bnn

X/Y néuY=+0
/7 =

0 neuY = 0.

D¢ tim phan phoi ciia Z, ta dit g(x,y) = (x/y,y), ta cé ¢\ (z,t) =

(zt, t) va
t z
]g—1(Z, t) = (0 1).
Ap dung Dinh 1i2.31|va Hé qud 2.36| ta duroc
2(z2+1)/2
fan@ b = fon (@t HIt = 1i——

Do do, ham mat do cua Z la

2(z2+1)/2
e 1
f2(z) = f I1 dt =

R

27 (1l +z2)

Bnn Z dugc goi la ¢ phdn phoi Cauchy.
c¢) Xét bnn x* = X? + Y2 Vi moi tdp Borel A € B([0, )), dp

dung Dinh 1i2.30|ta co

PO € A) = EILL() = f

X ]IA(x2 + yz) fxn(x, y)dxdy.
R

Sir dung cong thiic toa do cuc x = rcos @, y = rsin ¢ ta duoc

0o 270 e_r2/2 00 ) e~ 2/2
P(x? € A) = f dr f L (r)r S—dp = f L (r)re ™ 2dr = f Sz
0 0 Tt 0 A
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trong do ding thitc cudi ciing cé duoc tir phép doi bién z = 1. Viy
X2 ¢6 phdn phoi mii vdi ham mat 6 la

-z/2

4 néuz>0

fxz(Z) = 9

0 néeu z < 0.

2.7 Hé s6 tuong quan

Dinh nghia 2.39. Hiép phuong sai ciia hai bnn X, Y € L* Ia
cov(X,Y) = E[(X - EX)(Y — EY)].

Hé s6 tuong quan ciia hai bnn X, Y € L2 Ia
cov(X,Y)
VDXDY

St dung tinh tuyén tinh ctia ki vong, ta c6

P(X/ Y)=

cov(X,Y) = E(XY) - EXEY.

Mat khac, str dung bat déng thuc Cauchy-Schwarz ta co |cov(X, Y)| <
VDXDY, nén suy ra
P,V <1.

Hé s6 tuong quan p(X, Y) dac trung cho do phu thudc (tuyén
tinh) ctia hai bnn X va Y. Néu p(X,Y) ~ 1 thi X va Y gan nhu
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ti 1é thuan vdi nhau, trong khi néu p(X, Y) ~ —1 thi X va Y gan
nhu ti 1é nghich. Trong truong hop p(X,Y) =0tandi X va Y la

khong tuong quan. Theo Pinh 1i2.35/ta c6 néu X va Y 1a hai bién

ngau nhién doc 1ap thi cov(X,Y) = 0 nén ching khong tuong

quan. Diéu ngugc lai chua chac da dung.

Vi du 2.40. Gid sit X va Y 1a hai bun doc ldp cé cing phin phoi
chudn N(0,1). Dt Z=XYvaT=X-Y. Tacé

cov(Z,T) = E(XY(X - Y)) - EXY)E(X - Y) =0,
vd
cov(Z, T?) = E(XY(X - Y)?) - EXY)E((X - Y)?) = -2,

vi E(XY) = EXEY = 0, E(X?Y) = E(X*)EY = 0, E(XY?) =
EXE(Y®) = 0 va E(X?Y?) = E(X?)E(Y?) = 1. Viy Z va T la hai
bnn khong tuong quan nhung khong doc lap.

Ménh deé 2.41. Gid sir (X,,)us1 ld mot day cdc bnn doi mot khong

tuong quan. Khi do

DXi+...+X,) =D(X;p) +...+ D(X,).
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Chung minh. Ta co

2
D(X1 + ...+ X,) = B[((X1 — X)) + ... (X, — EX,)) |

= Y E[(X;—EX)*1+2 ) EI(X; - EX)(X; - EX))]
i=1

1<i<j<n
n n
= Y E[(X;— EX)*] = Y D(X)),
i=1 i=1

vi ]E[(XZ - ]EXZ')(X]' - ]EX])] = IE(XiX]') — IE(XZ)IE(X]) = 0 voi in

1<i<j<n. O

Bai tap

Ki vong cua bnn
2.1. Gid sir g : R* — R" la ham tang la khong am. CMR
Elg(X)]

8(a)
2.2. M6t cita hang bin sita tuoi tai mét cong vién. Moi ngay cita

P(|X]| > a) <

voi moia > 0.

hang nhdp vé ¢ don vi sita tuoi vdi gid la b > 0 dong mot don vi.
Trong ngay cita hang bdn sita do vdi gid s > b dong méi don vi. Cudi
ngay cira hang do bé toan by luong sita chua ban duogc. Quan Ii cita
hang biét rang luong tiéu thu sita méi ngay la mot dai luong ngdu
nhién khong adm khd tich D c6 phan phoi lién tuc tuyét doi vdi ham

mdt do f nao do. Goi N la loi nhudn kinh doanh moi ngay cila cia
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hang. Tim gid tri ¢ ciia luong stta can nhdp moi ngay dé N c6 gid tri

trung binh lon nhat

Giai2.2: Taco N = (D A ¢)s — bc nén

[EN =5 foo(x A c)f(x)dx — bc =: N(c).
0

ViN"(c) = =sf(c) <0, N(0O) =s—=b>0vaN'(+00) = -b <0
nén phuong trinh N’(c) = s fc ” f(x)dx — b = 0 c6 nghiém duy
nhat ¢* = h™1(b/s) € (0, 00) véi h(x) = fx ~ f(x)dx va N(c) dat gia

tri 16n nhat khi c = ¢*.

2.3. Cho bnn X. Gid sut dnh xa x — F(x) = P[X < x] lién tuc trén
R. CMR bnn Y = F(X) c6 phan phéi déu trén doan [0,1].



Chuong 3

Su hoi tu cta day bién ngiu nhién

3.1 Cac dang héi tu caa day bién ngiu nhién

Pinh nghia 3.1. Gid sir (X,,)u>1 la day bnn xdc dinh trén khong
gian xdc sudt (Q, A, P). Day (X,,) duoc goi I
h.c.c

e hoi tu hau chac chan dén bnn X, ki hiéu la X, — X hay
lim, X,, = X h.c.c, néu
P(w : lim X, (w) = X(w)) = 1;
Nn—o0
e hoi tu theo xéc sudt dén bnn X, ki hiu la X, — X, néu véi
moi € > 0,
lim P(|X,, — X| > ¢€) =0;
n—0o0
e hoi tu theo trung binh bac p (p > 0) dén bnn X, ki hiéu la
X, 25 X néu B(X,P) < oo vdi moi n, E(XP) < oo va
lim E(X, — X|) = 0.
n—0o0

60
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Véi hai bnn X va Y bat ki, ta ki hiéu

| X - Y] ]
IX-Y|+1F

dp(X,Y) = E|
Meénh dé sau dic trung su hoi tu theo xac suat thong qua d]p.

Ménh dé 3.2. Ddy bnn (X,,)us1 hoi tu theo xdc sudt dén bnn X khi
va chi khi
lim dp(X,, X) = 0. (3.1)

n—oo
Ve . « 2 ? :[]F) yax . ~
Chirng minh. =) Giasu X,, — X. V6imoie > 0 vaw € Q, do
tinh dong bién ctia ham x — Z trén doan [0, ), ta c6

Xo(w) - X@)| e
|1 Xu(w) — X(w)|+1 " e+1

1%, -x1<e) (W) + Ljix, - x1<e) (W).

Lay ki vong hai vé ta dugc

€
c+1

dp(X,,, X) < P(X, - X| <€)+ P(X, — X| > ¢).
Do do

lim sup dp(X,, X) < e+limsup P(|X,,—X| > €) = € v6i moi € > 0.

n—oo n—oo

Tu day suy ra (3.1).

&) Ngugc lai, gia st diéu kién (3.1) dugc thoéa man, khi do,

vGi moi € > 0, theo bat dang thirc Markov, ta c6

1 X, — X| . _€ )<€+1]E[ 1 X, — X]|
X, - X|+1 e+1/ " € 1 X, — X|+1

dp 1a mot metric trén khong gian LO.

P(X,~X| > €) = IP( | - 0khi
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O

Ménh deé sau khéng dinh hoi tu theo xac suat yéu hon hoi tu

hau chac chan va hoi tu theo trung binh.
Ménh de 3.3. Gid st (X,,)ns1 la diy bnn.

1. NéaniXthanLXvéimoip>O.

h.c.c

2. NéuX, XS x i X, = X.

Chitng minh. 1) Gia stt X,, — X. Véimoi e > 0 ta c6

— p
IEHan X — 0 khin — oo.

P(X,—X| =€) = P(X,,— X[\ > €) <

2) Gid sit X, =5 X. Khi d6 3222 255 0 va theo dinh 1i hoi

tu bi chan Lebesgue, dp(X,, X) — 0. Ap dung Ménh déB.2/ta

duoc X, Ix O

Vi du 3.4. Xét khong gian xdc suat (QQ,F,P) vdi Q = [0,1], F =
B([0,1]) va P la do do Lebesgue trén Q. Vdimoia > 0val <k < n,
ta dat

Khi do day bnn

X11, X12, X292, X13, X23, X33, .-
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hoi tu theo xdc suat dén 0 nhung limsup Xy, = oo. Hon nita, vdi
moi p > 0, E(| Xy, lP) = nP* nén Xy, LA 0 khi va chi khi o €
0,1/p).
Mat khac, xét day
Y, =2"1

(0’%], n>1.

np
— oo khin —

R e, L
Rorang Y, = 0nhung vdimoip > 0, E(|Y,l) = Z-
0o,

Mot day bnn hoi tu theo xac suat thi chua chac da hdi tu hau

chac chan. Tuy nhién ta c6 khang dinh sau.

Ménh dé3.5. 1. Gid sit X, —> X. Khi d6 ton tai mot diy con

h.c.c
(Mi)k>1 cua day s0 ty nhién sao cho X, — X.

2. Nguoc lai, gid sir moi diy con (ny)=1 ciia day sb tu nhién deu

h.c.c

chita mot day con khdc (my)i=1 sao cho X, — X thi X, I x
Chitng minh. 1) Gia su X, LN X, khi d6 dp(X,,, X) — 0. Chon
day ny tang sao cho dp(X,,, X) < 27k, Ap dung Dinh 1i hoi tu
don diéu ta co

Z|X _X|_|_1 Zdll’(Xnk/X)<ZZ < 00.

| X = XI | Xy — Xl h.c.c
Vaynenzk 1|Xnk—X|+1 < oo h.c.c. Suyraank—Xll — 0. Dleunay

cung co nghia la X, bes x.



CHUONG 3. SU HOI TU CUA DAY BIEN NGAU NHIEN 64

2) Ngugc lai, gia st moi day con cua day (X,)n»1 déu chua
mot day con khac hoi tu hau chac chan dén X. Néu X, 711; X
thi ton tai e > 0 va day con (1)r>1 cua day sO tu nhién sao cho
dp(Xy,, X) > €. Mt khéc, theo gia thiét ton tai day con (1)kx1
cua day (1)k=1 sao cho X, "% X. Theo dinh 1li hoi tu bi chan,

limy—seo dp(Xim, X) = 0. Diéu nay mau thuan véi dp(X,,, X) > €

véi moi k. Do d6 X, — X. 0
Ménh dé 3.6. Gid stz f : R? — R lién tuc. Khi dé
1. néu X, 255 X va Y, 255 Y thi £(X,, Ya) 255 (X, Y);
% r N P N P
2.neu X, — XovaY, — Yth f(X,, Yn) — f(X,Y).

Chirng minh. 1) Kihiéu A = {w € Q : lim,,_,. Xu(w) = X(w)} N
{we Q:lim,_ . Y,(w) =Y(w)}. Taco IP(A) =1 va véi moi w €

A, do f lién tuc nén lim, . f(X,(w), Ya(w)) = f(X(w), Y(w)).

h.c.c

Khang dinh 2) suy ra tir 1) va phan hai cia Ménh dé[3.5, O

3.2 Luats6lén

Trong tiét nay ta sé gia st (X,),>1 la day bnn xac dinh trén

khong gian xac suat (Q,F,P) vaki hiéu S, = Xj + ... + X,..
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3.2.1 Luat yéu so lon

Dinh 1i 3.7. Gid sur (X,,)»>1 la day bnn théa man
’ D(S,)
im =

11—00 le

0.

Khi do
S,—ES, pr
n

> 0, khin — oo,

Chitng minh. V&i moi € > 0, ap dung bat dang thizc Chebyshev,

ta co
n n D n .
]P(ﬂZG)S (S)—>0kh1n—>oo.
n n2e?
Tir day suy ra diéu phai ching minh. O

Str dung Ménh dé2.41} ta c6 hé qua sau.

Hé qua 3.8. Gid su (Xy,)n>1 la day cic bnn d6i mot khong tuong

quan va théa man
. D(Xy)+...+D(X,)
lim =

1n— 00 le

0.

Khi do
S,—ES, pr
n

> 0, khin — oo.

3.2.2 Luat manh s6 16n

Trude hét ta phat biéu va chitng minh mot truong hgp don

gian cua luat manh so lon.
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Pinh 1i 3.9. Gid s (X,,)n>1 la ddy cdc bnn doi mot khong tuong
quan va sup, D(X2) < 0% < co. Khi dd

. S, —ES,
im ———

=0 h.c.coatrong L2,
n—o0 n

Chitng minh. Trudc hét ta gia st E(X,,) = 0. Dat Y, = S,,/n. Ta
c6 E(Y,) = 0 va theo Ménh dé 2.41|ta c6

1 v o2
E(Y}) = — Z DX; < —.
i=1

2
Vay Y, = 0. Hon nita

iE(Yiz) < i;—i < 0.
n=1 n=1

Ap dung Dinh li héi tu don diéu 2.22} ta co

(ee)

E[) Y3|= i E(Y?,) < oo,
n=1

n=1

vay nén chudi Y,7; Y2, < co hau chac chan. Tir day suy ra
Y. = 0. (3.2)

V&i moi n € N, ki hiéu p(n) 1a phan nguyén caa . Khi do,

tu
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ta cO

p(n)? 21 n- ]z)(n)2 2p(n) +1 P 2\/—+1 2 )
E[(Yn——n Yp(n)Z) ] < —1’12 < 1’12 n < WG ,

vin < (p(n) + 1)? va p(n) < +/n. Lap luan tuong tu nhu trén ta

co tu N ,
Z lE[( P(Z) P(”)2 < Z mg < 00,
suy ra "~
Y, - p(n)? Y, hee

Diéu nay két hop vai (3.2) va nhan xét e ( — 1 kéotheo Y, = g

0.
Néu E(X,) # 0, ta dat Z, = X,, — E(X,). Khi d6 (Z,),»1 1a day

cac bnn d6i mot khong tuong quan, c6 ki vong bang khong va
phuong sai bi chan déu. Do d6
Sn—IESn _ Z1+...+Zn h.c.c

— 0.

n Bl n
O

Sau day ta phat biéu (khong ching minh) hai dang kha tong

quat ctia luat manh s6 16n.

Dinh 1i 3.10. Gid sit (X,))u>1 12 ddy bnn doc ldp, (by)us1 la day sd
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duong, b, T oo. Khi dé néu

= DXn Sn - IE Sn .C.C

E < oo thi (Sn) > 0.
b2

n=1

by

Dinh i 3.11. Néu (X,,),»1 la day bnn doc ldp, ciing phan phoi. Khi
do
Sn hec

~ 255 E(Xy) khi vi chi kil E(Xal) < oo.

Vi du 3.12. Gid stt (X,,)u>1 la day bnn doc ldp co cing phin phoi
Bernoulli véi P(X,, = 1) = p. Khi d6 S,, la s6 phép thir thanh cong

trong n phép thir. Theo Dinh 1i|3.11|

Sn h.c.c

Diéu nay xdc minh lai khiang dinh xdc sudt thanh cong ciia moi phép

thir la p.

Mot ing dung kha don gian nhung cuc ki hiéu cua ctua Luét

manh s6 16n 1a phuong phap Monte Carlo.

Vi du 3.13. Gid su f la mot ham do duoc trén doan [0, 1] va

1
‘[o |f(x)|ldx < oo. (3.3)

Vi trong phan 1on cic 1ing dung thuc té, gid tri ciia I = fol f(x)dx

khong thé duoc xdc dinh mot cich chinh xdc bang cic phuong phdp
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gidi tich nén nguoi ta phdi xdp xi I béi cic phuong phdp s6. Khi ham
f dil tron, 1 6 thé duoc xdp xi khd tot biang cdch lay trung binh (cé
trong s0) cila cdc gid tri ciia f tai mot so diém co dinh. Vi du khi f
kha vi lién tuc dén cap 2 thi ta cd cong thirc hinh binh hanh sau

f@g) +2f () + ...+ 2f(_,) + f(£)
2n ’

~
~

trong do t" = L, i = 0,1,...,n. Tuy nhién, khi f khong dil tron
phuong phdp trén thuong to ra kém hiéu qua. Thay vao do, nguoi ta
cé thé dimg phuong phdap Monte Carlo duoc phdt biéu & dang don
gian nhat nhu sau: Goi (U,)j»1 la day cic bnn ddc ldp c6 ciimg phin
phoi deu trén dogn [0,1] va ddt I, = 5, X."_; f(U)). Do E[|f(U))|] =

fol |f(x)ldx < oo nén dp dung Dinh 1{|3.11), ta c6 I,, hoi tu h.c.c dén

E[f(U1)] = I khi n — oo. D€ danh gid sai s6 ciia udc lugng, ta gid
thiét thém rang

fo | Foldx < oo, (3.4)
Khi dé, binh phuong sai so ciia wdc lugng la

1
EIG, =171 = BI(, - B[] = 1DfW < & [ 1Py,

Vi vdy néu ta cé thé sinh ra day (Uj)j»1 trén mdy tinh thi ta sé thu

dugc mot wdc luong ciia I cho ham f bat ki théa man diéu kién (3.3).

Dudi diéu kién (B.4), sai s0 ciia udc lugng chi phu thudc viao cd mau
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n ma khéng phu thugc vao do tron cia f. Phuong phdp Monte Carlo
ciing td ra hiéu qud hon cic phuong phdp tat dinh khi tinh cdc tich
phin boi nhieu 16p. Nguoi ta di tim ra rat nhiéu cdc cdi tién cia
phucong phdp Monte Carlo mé td & trén nhim gidm binh phuong sai
s0 cila wdc lugng, qua do ting dé chinh xdc va gidm thoi gian tinh
toan trén may tinh (xem [?]).

Sai s0 ciia phuong phdp Monte Carlo c6 thé dugc phin tich ki hon

dua trén dinh li gioi han trung tam duoc trinh bay sau day.

3.3 Dinh li gioi han trung tam
3.3.1 Ham dac trung

Pinh nghia 3.14. 1. Ham ddc trung cua bnn X duoc xdc dinh la
dnh xa ¢x : R — C cho bdi

ox(t) = B[] = f e dFx(x).

R

2. Ham dic trung cia véc to ngau nhién X = (X3, ...,X,) la dnh

xa px : R — C cho béi
QOX(h, ceey tn) = ]E[exp (ZZ t]X])]
j=1

Dinh i 3.15. V§i moi bnn X, @x la ham bi chdn, lién tuc va ¢x(0) =
1.
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Chiing minh. Dé thdy ¢x(0) = 1. Hon nia, 4p dung bat dang
thire (EX)? < [E(X?), ta dugc

lpx(t)| = \/(]E costX)? + (Esin tX)? < \/IE(COS2 tX) + E(sin?tX) = 1.

Cubi cting, tinh lién tuc ctia px la hé qua truc tiép cta dinh li

hoi tu bi chan Lebesgue. O

DPinh 1i 3.16. Gid sir bun X c6 E(|X|™) < oo vdi s6 tu nhién m nio

d6. Khi d6 ham diic trung ¢x cd dao ham lién tuc dén cap m tai moi

didm vi
pO(t) = FE(X"e™), (3.5)
E(X") = (P(]j( ) (3.6)
oxt1= Y. Drxy + o, 37)

=

trong do |a,(t)| < 2E(|X"|) va a,(t) = 0khit — O.
Dao lai, néu ®™(0) ton tai va hitu han vdi s6 nguyén duong m nao

d6 thi E(X?") < o.

Chirng minh. Do E(|X|") < conén vdimoi k = 1,...,m ta co

E(X[f) < o0, va do d6

sup f |(ix)*e™|dF x (x) < f x[FdFx(x) < oo.
t
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Theo dinh i Lebesgue, ta c6 thé lay dao ham dudi dau tich
phan dé thu dugce (B.5). (3.6) 1a hé qua caa (B.5) khi cho t = 0.

Mat khac, ap dung khai trién Taylor cho ham ¢* tai 0, ta dugc

E(e™) = IE( nz_t (itX)* L @X)" ez’@X)

k! n!
k=0
n—1
_ (Z) E(xb + G + ),

o
Il

0
trong d6 [0] < 1, au(t) = E(X"(¢"™ - 1)). Ta ¢6 |au(t)| < 2E(X]")

va ap dung dinh i hoi tu bi chan, ta c6 a,(t) — 0 khit — 0.
Khang dinh ngugc lai dugce chitng minh bang qui nap, doc gia

tham khdo chi tiét tai trang 190-193[3]. O

Vi du 3.17. Gid sit X ¢6 phan phoi Poisson vdi tham so A > 0. Ta cd

e MK ; _ (/\eit)k it_
Pi(X) = o e =e ld—k| =MD,
= K !
Vi du 3.18. Gid 515[ X c6 phan phoi chudn N(0,1). Khi dé
costx 2 Tsintx 2,
px(t) = f dx = e 2dx+ ——e " 7dx.
V27 ~c0 V27 ~c0 V2T

—x2/2

Do ham x w— e ™ /“sintx la ham khd tich va 1é nén tich phin thir

hai bing 0. Theo Dinh 1i|3.16|ta c6 thé dao ham hai vé ciia dang thiic

trén theo t va thu duoc

[0e] .
sin tx

Px(t) = -  om

a2
xe 2 dx.
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Ap dung cong thiic tich phan tirng phdn, ta dugc

~ cos tx
P (t) = - f Ci)/z_ te™ 1 2dx = —tpx(t).
—00 7_(

4

Gidi phuong trinh vi phin % = —t vdi dieu kién px(0) = 1, ta duoc

—#2/2

px(t) =e

Néu X c¢6 phan phdi chuin N(a, 0?) thi

1 L ()
px(t) = f e 202 dx.
V27102

Déi bién y = (x — a)/o, ta duoc

ox(t) el f eitaye—yz/Zdy pita—t20%/2
X — = .
V21t

Dinh 1i 3.19. Hai véc to ngdu nhién cé cing phin phoi khi va chi

khi ham dic trung ciia chiing bang nhau.

Vi du 3.20. Gid sir X va Y la hai bun déc ldp cé phin phéi Poisson

0di tham s6 lan luot 1o woa A. Khi d6 theo Vidu3.17, X + Y ¢6 ham

ddc trung la
§0X+Y(t) — ]E(eit(X+Y)) — ]E(eitX)]E(eitY) — e(A+[J)(€it—1).
Do d6 X + Y cd phén phoi Poisson vdi tham so u + A.
Dinh 1i 3.21. Cidc bnn X3, ..., X, la doc ldp vdi nhau khi va chi khi

QO(XL---,Xn)(tl/ ceny i’n) = Px, (i’1) R @Xn(tn) Vo1 7’}101 (tl, ceny tn) e R".
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Vi du 3.22. Gid sit X va Y la hai bnn doc ldp c6 ciing phan phoi
chudn N(0,1). Theo Vi du|3.18

— EltXHN+isX=Y) _ [Rpit+9)X[Rpilt=s)Y e—t2—52.

Px+vx-)(t,3)

Lan lugt cho s va t bing 0 & dang thitc trén, ta duoc Qx y(t) = et

vi x_y(s) = e™". Do dé X + Y vi X — Y déu cd phin phbi chudn
N(0,2). Hon nita, chung la djc ldp vi

Px+vx-v)(t,8) = Pxsy(E)x-y(s) voimoi t,s € R.

3.3.2 Hoi tu yéu

Dinh nghia 3.23. Diy bnn (X,,) duoc goi 1a hoi tu yéu dén bnn X,
ki hiéu 1a X,, — X, néu vdi moi hiaim f R — Rlién tuc va bi chan,
ta co

lim E[f(Xx)] = E[f(X)].
Khi X, — X ta ciing ndi phan phéi Fx, hi tu yéu dén phin phbi

N Vd * A w
Fx va ki hiéu Fx, — Fx.

Luu y rang trong dinh nghia trén ta khong can phai gia thiét
tat ca cac bnn (X,),»1 xac dinh trén cing mot khong gian xac
suat. Ngudi ta con goi hoi tu yéu la héi tu theo phin phdi (xem

Bai tap 3.21).
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Ménh deé 3.24. Gid sir (X,,)u>1 vd X la cdc bnn xdc dinh trén cung

khong gian xdc subt (Q, F,P). Néu X, — X thi X, -5 X.

Chitng minh. Ta ching minh bing phan ching. Gia stt X, —
w

X nhung X, /= X. Khi do6 ton tai mot ham lién tuc bi chan f,

hang s6 € > 0 va day con (1;)x»1 ctia day so tu nhién sao cho

[E(f (X)) — E(f(X))] > € véimoi k> 1. (3.8)

Theo Ménh dé 3.5, ton tai day con (my)r>1 cia day (17;)k=1 sao

h.c.c h.c.c

cho X,,, — X. Do f lién tuc nén f(X,, ) — f(X). Lai do f bi

chan nén ap dung dinh 1i héi tu bi chan Lebesgue, E(f(X,,,)) —

[E(f(X)). Diéu nay mau thuan vdi (3.8). Vay ta dugc diéu phai

ching minh. O

Ménh dé 3.25. Gid str (X,,)n>1 vd X la cdc bnn xdc dinh trén cing
khong gian xdc sudt (Q, F,P). Néu X,, — X va X = const h.c.c thi
X, — X.

Chitng minh. Gia st X = a h.c.c. Xét ham lién tuc va bi chan

f(x) = 2% Do X, = anén E(f(X,)) — f(a) = 0. Theo Ménh

|x—al+1°

dé.2taco X, 5 a. O

DPinh li sau cho ta mot tiéu chuan rat hiru hiéu dé kiém tra su

hoi tu yéu ctia mot day bnn. Ching minh dinh i ¢6 thé dugce
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tham khao trong [3] trang 196-199.

Dinh 1i 3.26. Gid sit (F,)u>1 la didy ham phdn phoi xdc sudt vdi

(Pn)nx1 1a day ham dic trung tuong ung,

oult) = [ .
R
1. Néu F, = F vdi F la ham phin phdi xdc sudt nao dé thi (@,,) hoi
tu diém dén ham dic trung ¢ cila F.
2. Gid sit @,(t) — @(t), t € R. Khi d6 hai ménh deé sau la tuong
duong
(a) @(t) la ham diic trung va F,, = F v6i F la ham phin phoi xdc
sudt tuong 1ng vdi @;
(b) @ lién tuc tai t = 0.
Vi du 3.27. Gid sit vdi méi n > 1, bnn X, ¢é phin phoi chudn
N(ay, 02) trong dé a, — 0 via 02 — 1 khi n — oo. Khi dé day bnn
(X,,) héi tu yéu dén phan phdi chudn tic N(0,1) vi

Px () = eitan—o-%tz/z - e—t2/2
; .

Vi du 3.28 (Luat s0 16n). Gid st (X1 12 day bnn ddc ldp cing
phan phoi vdi ki vong chung 1a a hitu han. Khi dé

1
E(Xl+...+Xn)£>a.
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That vdy, dat S, = X1 + ... + X, va goi ¢ la ham dic trung ciia Xy.
Khi do
Psu/n(t) = @s,(t/n) = [p(t/n)]".
Theo Dinh 1i|3.16
ita t
pt/n)=1+ - + Ea(t/n),
trong do a(t) — 0 khit — 0. Do do
psun(®) = (1+ 22+ Lagem) = et
n o n

khi n — oo. Luu f rang néu bnn X = a thi ham dic trung ciia X la

@x(t) = €. Do vdy, S/n = a. Ap dung Ménh d¢\3.25|ta duoc diéu

phdi chirng minh.

3.3.3 Dinh li gidi han trung tam

Dinh 1i 3.29. Gid st (X,))n1 la dday bnn doc lap va cing phin phoi
v6i E(X,)) = p i DX, = 0% € (0,00). Diit Sy = Xy + ... + Xyp. Khii

dé day bnn Y, = S;:/’%“ hoi tu theo phan phoi tdi bnn Y c6 phan phoi

chudn N(0,1).

Chitng minh. Goi ¢ la ham dac trung cua bnn X, — . Do (X;,)>1

la day bnn c6 cting phan phdi nén ¢ khong phu thudc vao n.
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Do cac bnn (X});>1 1a doc lap nén

)= [TEew )= o2

Do E(X; — u) = 0 va E((X; — 1)*) = 0° nén theo Dinh 1i 3.16} ¢

Py, (f) =

co dao ham cap hai lién tuc va hon ntra
212

pt)=1- % + t2a(t),

trong d6 a(t) — 0 khi t — 0. Do d6 st dung khai trién In(1 +
x) = x + o(x) khi x — 0, ta dugc

2t
In@y,(t) =nln(1-—+ o

2n  no? (0\/_)) 2’

tuc la gy, () — e 12 khin — oo. Ap dung Dinh 1i[3.26/ ta duoc

diéu phai chitng minh. O
Vi du 3.30. Gid sit (X));»1 la day bnn doc ldp cing phan phoi vdi
PX;=1) =puaP(X; =0)=1-puooip € (0,1). Tacou =
E(X;) = p va 0> = DX = p(1 — p). Theo Ludt manh so lon, ta c6

va theo Dinh I Gioi han trung tam|3.29, ta co

Sp—np

\np(l —p)

= Z ~N(0,1).
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Trong thuc té ta thuong quan tdm dén bai todn: cho trudc sai so € > 0
va dg tin cdy 1 — a, tim cd mau n sao cho

Sn
n

P

<€)21—a.

e Theo bit ding thitc Chebyshev

Sn
n

pa=-p_,__1
ne? 4ne?’

P

<e)21—

nén can chon n = nc = [(4e2a)71] + 1.

e Theo Dinh li gioi han trung tam thi

S, e\n eVn
(-] <)~ of20) - o - £X2) » 0z v -
06 d(x) = [ \/t_/zdt Do d6 can chon n = ncrr = [x2/(4€?)] +

1, trong do x, thoa man ®(x,) =1 - 5.

Vidy,dée = 0.02va1—a = 0.95 thi ta can chon nc = 12500 trong
khi Nncrr = 2500.

Dé xac dinh dugc toc do hdi tu ctia Fy, t6i phan phoi chudn,
nguoi ta stt dung bat dang thirc Berry-Esseen: Gia stt E(|1X1[%) <

oo thi

2 E(1X; — EXiP)
sup [Fy, (x f dt' K . (39
—oo<szoo Y ( ) —00 V oE 03 \/ﬁ ( )

trong d6 Kz 1a hang s6 thudc khoang (5 \/_+3 ,0.4748) (xem [2]).
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Dinh li gi¢i han trung tim van con ding néu ta thay gia thiet
doc 1ap va cing phan phdi ctia day bnn (X,,),»1 bdi cac gia thiét
yeu hon. Sau day ta phat biéu dinh i gigi han trung tam ctia
Lindeberg. Chung minh cua dinh li dugc trinh bay trong [3],
trang 221-225.

Pinh 1i 3.31. Gid sur (X,,)u>1 la day bnn ddc ldp ¢ ki vong va phuong
sai hitu han. Dat S, = X1 + ...+ X,,, B2 = DX; + ... + DX,,. Khi

do neu

1 n
Ly(e) := ? Z ]E((Xk_IEXk)Z]I{IXk—]EXk|>eBn}) — 0, Ye >0, (3.10)
n =1

thi §* = 5255 167ty theo phan phéi dén bun'Y ¢d phin vhéi chudn
= Sk phin p phin p

tic.

Bai tap

3.1. CMR dp la mdt metric trén khong gian LY, tirc L
1. d(X,Y) > 0vad(X,Y) = 0 khi va chi khi X = Y hdu chic chin;
2.d(X,Y) = d(¥, X);

3.4(X,Y) <d(X,Z) +d(Z,Y);

voimoibnn X, Y, Z.
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3.2. Gid sur (X;,)u>1 la day bnn théa man d(X,,, X,) = 0 khim,n —

co. CMR ton tai bun'Y sao cho X,, — Y theo xdc sudt.

3.3. CMR day bnn (X,,),»1 hoi tu theo xdic suat dén bnn X khi va chi
khi

lim E(X, - X| A 1) = 0,
3.4 (Xap xi da thuc). Gid sit f la ham thuc xdc dinh va lién tuc trén

doan [0,1]. V&i mbi n € IN, dit

n

falx) = Y Clx(1 = )" f(m/n),

m=0

Chitng minh ring

sup |fu(x) — f(x)] — 0.

x€[0,1]
3.5. Trong hdp cd n vién bi duoc danh so tir 1 dén n. Mot nguoi lay

ra ngdu nhién mot vién bi tix hop, xem s6 roi trd lai hop. Qud trinh
trén duoc ldp lai cho dén khi nguoi dé xem duoc so cia tat cd n vién

bi trong hdp. Goi T, la s lan lay bi da thiee hién. Chiing minh rang

Y

nlnn
3.6. Cho 2n qud béng mét cich ngau nhién vao n cdi hop (moi hép cé
thé' chita tir O dén 2n bong). Goi N, la s6 cic hop khong chita bong
nao. CMR

Ny

-Yn -2
n

P
ﬁe
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3.7. Gid sit (Xy)n>1 la ddy bnn doc ldp va c6 cing phan phoi
C
K2Ink’
trong do C™1 = Y2, m CMR E[|X1|] = oo nhung ton tai hing

P[X; = (~1)'] =

k>2,

56 hitu han  sao cho 32 5 .
3.8. Gid sit (X,)u>1 la day bnn déc ldp va c6 ciung phin phbi vdi

P[X; > x] = =% khi x > 2. CMR E[X;] = oo va ton tai ddy hing sb

xIlnx

Uy — 00 sao cho
Sn P
7 Un — 0.
3.9. Dit pr = 1/2%(k + 1) vdi k = 1,2,... va po = 1 — Yoy Pr- Xét
(X,)ns1 1 diy bnn doc ldp cd cung phin phoi vdi
P[X;=-1]=py, P[X;=2"-1]=p, Vk>1.

DitS, =X, +...+ X, CMR

S, P
n/log,n
3.10 (B6 dé Borel-Cantelli). 1) Gid sit (A,)n»1 la diy bién co théa

man )., P(A,) < co. Khi do

> —1.

PN, U, Ar) = 0.
2) Gid sit (Ap)ns1 la day bién co ddc 1ap théa man Y, P(A,) = .
Khi do

P( N5, U, Ax) = 1.
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3.11. Gid sit khong gian xdc suat (Q,A,P) = ([0,1], B([0,1]), A)
vdi A la dg do Lebesgue. Dit A, = [0;1). CMR Y, P(A,) = o vi
P( N, Ue Ay =0.

3.12. Gid su (A,) la day bnn doc lgp théa man P(A,) < 1 véi moi n.
CMR néu P(UA,) = 1 thi P(limsup A,)) = 1.

3.13. Gid sut (Xpn)ux1 la day bnn doc ldgp. CMR sup,, X, < oo khi va
chi khi ¥,;51 P[X,, > A] < o0 vdi 86 thuc A nao do.

3.14. Gid stt (Y))n1 1a diy bnn déc ldp va cung phan phoi. Tim dieu
kién can va du dé

1. Y, /n hoi tu h.c.c dén 0;

2. (maxm < nY,,)/n héi tu h.c.c dén 0;

3. (maxm < nY,,)/n hoi tu theo xdc sudt dén 0;

4. Y,/n héi tu theo xdc sudt dén 0;

3.15. Gid sir (QQ, A, P) la khong gian xdc sudt roi rac. CMR day bnn

X, hoi tu h.c.c khi va chi khi nd héi tu theo xdc sudt.

3.16. Gid sit (X,))n>1 la day bnn doc ldp co cing phin phdi Cauchy
v01 ham madt do

1

(1 + x2)

f() =
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Chitng minh ring S,/n cé cung phin phoi vdi Xy véi moi n. Tic la

diy (X,,) khong tudn theo ludt so lon.

3.17. Gid sit (A,)n>1 la day bién cd doc lap timg doiva Y., P(A,) =
oo, CMR

Giai 3.17; bat X, = Iy, vadat S, = Xy +... + X,,. Do A,

la d6i mot doc lap nén cac X, cung la doi mot khong tuong

quan, vay nén

= Zn: DX; < i E[X;] = E[S,].
i=1 i=1

Ap dung BDT Chebyshev, ta c6

DS, __ 1 _ 1 N
= O2(E[Sa)? T S2E[S,]  82Y1, IP(A)

P[|S,—ES,| > 0ES, ] <

Vay nén Efgn] — 1 theo xac suat. Dé ching minh hoi tu hau
chac chan ta dat ny = inf{n : E[S,] > K2} va Ty = Sy VIE[X,,] <
1 nén k? < E[T] < k* + 1. Hon nita, vi

Z P[|T, — ET,] > 6ET,] < Z 3 <,

nén T;/IE[Tx] — 1 h.c.c. Lai do

Tk < Sn < Tk+1

E[Tknal = E[S.] ~ E[Ti]’
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hau chac chan v6i moi ny < n < mp,q nén suy ra diéu phai
ching minh.

3.18. Cho (X,))us>1 la day bnn thoa man 0 < X3 < X5... va E[X,] ~
an® va DX,, < bnf vdia, b, > 0va 2a > B. CMR X,,/n® — a h.c.c.

3.19. Gid sit (X,,)»1 12 diy bnn doc ldp va X,, ¢ phin phdi Poisson
v6i B[X,] = Ap. Didt S, = X1+ ...+ X,. CMR néu Y, A,, = oo thi
S,./E[S,] — 1 h.c.c.

3.20. Gid sit (X,,)u>1 la ddy bnn ddc ldp va cd ciing phan phdi F lién
tuc trén R. Dat

Ap = {Xy > sup X;}.
j<k

a) CMR (Ax)rs2 1a cdc bién cb doc ldp va tinh xdc sudt cila chiing.
b)DiatR, =Y, _114,. CMRR,/Inn — 1 h.c.c.
3.21. Gid stt (X,,)n>1 va X 1a cdc bnn ¢6 ham phan phdi lan lugt 1o
(F n)nZl va F.

1. Néu X,, — X thi limy,_,eo Fu(x) = F(x) v6i moi x thudc tdp con

trit mat D cua R xdc dinh boi
D ={x e R: F(x+) = F(x)}.

2. Néu lim,,_,, F,,(x) = F(x) vdi moi x thudc mot tip con trit mat

nao dé ciia R thi X, — X.
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Bang gia tri ham phan phéi chudn d(z) = [ Zoo

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

e—x2 /2

V2r

0.08

86

dx

0.09

0.1
0.2
0.3
0.4
0.5

0.5
0.5398
0.5793
0.61791
0.65542
0.69146

0.50399
0.5438
0.58317
0.62172
0.6591
0.69497

0.50798
0.54776
0.58706
0.62552
0.66276
0.69847

0.51197
0.55172
0.59095
0.6293
0.6664
0.70194

0.51595
0.55567
0.59483
0.63307
0.67003
0.7054

0.51994
0.55966
0.59871
0.63683
0.67364
0.70884

0.52392
0.5636

0.60257
0.64058
0.67724
0.71226

0.5279

0.56749
0.60642
0.64431
0.68082
0.71566

0.53188
0.57142
0.61026
0.64803
0.68439
0.71904

0.53586
0.57535
0.61409
0.65173
0.68793
0.7224

0.6
0.7
0.8
0.9

0.72575
0.75804
0.78814
0.81594
0.84134

0.72907
0.76115
0.79103
0.81859
0.84375

0.73237
0.76424
0.79389
0.82121
0.84614

0.73565
0.7673

0.79673
0.82381
0.84849

0.73891
0.77035
0.79955
0.82639
0.85083

0.74215
0.77337
0.80234
0.82894
0.85314

0.74537
0.77637
0.80511
0.83147
0.85543

0.74857
0.77935
0.80785
0.83398
0.85769

0.75175
0.7823

0.81057
0.83646
0.85993

0.7549

0.78524
0.81327
0.83891
0.86214

1.1
1.2
1.3
1.4
1.5

0.86433
0.88493
0.9032

0.91924
0.93319

0.8665
0.88686
0.9049
0.92073
0.93448

0.86864
0.88877
0.90658
0.9222

0.93574

0.87076
0.89065
0.90824
0.92364
0.93699

0.87286
0.89251
0.90988
0.92507
0.93822

0.87493
0.89435
0.91149
0.92647
0.93943

0.87698
0.89617
0.91308
0.92785
0.94062

0.879

0.89796
0.91466
0.92922
0.94179

0.881

0.89973
0.91621
0.93056
0.94295

0.88298
0.90147
0.91774
0.93189
0.94408

1.6
1.7
1.8
1.9

0.9452

0.95543
0.96407
0.97128
0.97725

0.9463

0.95637
0.96485
0.97193
0.97778

0.94738
0.95728
0.96562
0.97257
0.97831

0.94845
0.95818
0.96638
0.9732

0.97882

0.9495

0.95907
0.96712
0.97381
0.97932

0.95053
0.95994
0.96784
0.97441
0.97982

0.95154
0.9608
0.96856
0.975
0.9803

0.95254
0.96164
0.96926
0.97558
0.98077

0.95352
0.96246
0.96995
0.97615
0.98124

0.95449
0.96327
0.97062
0.9767

0.98169

2.1
2.2
23
24
25

0.98214
0.9861
0.98928
0.9918
0.99379

0.98257
0.98645
0.98956
0.99202
0.99396

0.983

0.98679
0.98983
0.99224
0.99413

0.98341
0.98713
0.9901
0.99245
0.9943

0.98382
0.98745
0.99036
0.99266
0.99446

0.98422
0.98778
0.99061
0.99286
0.99461

0.98461
0.98809
0.99086
0.99305
0.99477

0.985
0.9884
0.99111
0.99324
0.99492

0.98537
0.9887

0.99134
0.99343
0.99506

0.98574
0.98899
0.99158
0.99361
0.9952

2.6
2.7
2.8
29

0.99534
0.99653
0.99744
0.99813
0.99865

0.99547
0.99664
0.99752
0.99819
0.99869

0.9956
0.99674
0.9976
0.99825
0.99874

0.99573
0.99683
0.99767
0.99831
0.99878

0.99585
0.99693
0.99774
0.99836
0.99882

0.99598
0.99702
0.99781
0.99841
0.99886

0.99609
0.99711
0.99788
0.99846
0.99889

0.99621
0.9972

0.99795
0.99851
0.99893

0.99632
0.99728
0.99801
0.99856
0.99896

0.99643
0.99736
0.99807
0.99861
0.999
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Bang gia tri ham phan phdi Student

1 phia 75% 80% 85% 90% 95% 97.5% 99% 99.5% 99.75% 99.9% 99.95%
2 phia 50% 60% 70% 80% 90% 95% 98% 99% 99.5% 99.8% 99.9%
1 1 1.376 1.963 3.078 6.314 12.71 31.82 63.66 127.3 318.3 636.6
2 0.816 1.08 1.386 1.886 292 4.303 6.965 9.925 14.09 22.33 31.6
3 0.765 0.978 1.25 1.638 2.353 3.182 4.541 5.841 7.453 10.21 12.92
4 0.741 0.941 1.19 1.533 2132 2.776 3.747 4.604 5.598 7173 8.61
5 0.727 0.92 1.156 1.476 2.015 2.571 3.365 4.032 4.773 5.893 6.869
6 0.718 0.906 1.134 144 1.943 2.447 3.143 3.707 4.317 5.208 5.959
7 0.711 0.896 1.119 1.415 1.895 2.365 2.998 3.499 4.029 4.785 5.408
8 0.706 0.889 1.108 1.397 1.86 2.306 2.896 3.355 3.833 4.501 5.041
9 0.703 0.883 11 1.383 1.833 2.262 2.821 3.25 3.69 4.297 4.781
10 0.7 0.879 1.093 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587
11 0.697 0.876 1.088 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437
12 0.695 0.873 1.083 1.356 1.782 2.179 2.681 3.055 3.428 3.93 4.318
13 0.694 0.87 1.079 1.35 1.771 2.16 2.65 3.012 3.372 3.852 4221
14 0.692 0.868 1.076 1.345 1.761 2.145 2.624 2977 3.326 3.787 414
15 0.691 0.866 1.074 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073
16 0.69 0.865 1.071 1.337 1.746 2.12 2.583 2921 3.252 3.686 4.015
17 0.689 0.863 1.069 1.333 1.74 2.11 2.567 2.898 3.222 3.646 3.965
18 0.688 0.862 1.067 1.33 1.734 2.101 2552 2.878 3.197 3.61 3.922
19 0.688 0.861 1.066 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883
20 0.687 0.86 1.064 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.85
21 0.686 0.859 1.063 1.323 1.721 2.08 2.518 2.831 3.135 3.527 3.819
22 0.686 0.858 1.061 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792
23 0.685 0.858 1.06 1.319 1.714 2.069 25 2.807 3.104 3.485 3.767
24 0.685 0.857 1.059 1.318 1.711 2.064 2.492 2.797 3.091 3.467 3.745
25 0.684 0.856 1.058 1.316 1.708 2.06 2.485 2.787 3.078 3.45 3.725
26 0.684 0.856 1.058 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707
27 0.684 0.855 1.057 1.314 1.703 2.052 2473 2771 3.057 3.421 3.69
28 0.683 0.855 1.056 1.313 1.701 2.048 2.467 2.763 3.047 3.408 3.674
29 0.683 0.854 1.055 1.311 1.699 2.045 2462 2.756 3.038 3.396 3.659
30 0.683 0.854 1.055 1.31 1.697 2.042 2.457 2.75 3.03 3.385 3.646
40 0.681 0.851 1.05 1.303 1.684 2.021 2423 2.704 2971 3.307 3.551
50 0.679 0.849 1.047 1.299 1.676 2.009 2.403 2.678 2937 3.261 3.496
60 0.679 0.848 1.045 1.296 1.671 2 239 2.66 2915 3.232 3.46
80 0.678 0.846 1.043 1.292 1.664 1.99 2.374 2.639 2.887 3.195 3.416
100 0.677 0.845 1.042 129 1.66 1.984 2.364 2.626 2.871 3.174 3.39
120 0.677 0.845 1.041 1.289 1.658 1.98 2.358 2.617 2.86 3.16 3.373
o0 0.674 0.842 1.036 1.282 1.645 1.96 2.326 2.576 2.807 3.09 3.291
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n\a | 0.995 0975 0.2 0.1 0.05 0.025 0.02 0.01 0.005 0.002 0.001
1 0.00004 0.001 1.642 2706 3.841 5.024 5412 6.635 7.879 955 10.828
2 |0.01 0.0506 3.219 4605 5991 7378 7.824 9.21 10.597 12.429 13.816
3 0.0717 0216 4.642 6.251 7815 9.348 9.837 11.345 12.838 14.796 16.266
4 0.207 0.484 5.989 7.779  9.488 11.143 11.668 13.277 14.86 16.924 18.467
5 0.412 0.831 7289 9236 11.07 12.833 13.388 15.086 16.75 18907 20.515
6 0.676 1.237  8.558 10.645 12592 14.449 15.033 16.812 18.548 20.791 22.458
7 | 0.989 1.69 9.803 12.017 14.067 16.013 16.622 18475 20.278 22.601 24.322
8 1.344 2.18 11.03  13.362 15507 17.535 18.168 20.09 21955 24.352 26.124
9 1.735 2.7 12.242 14.684 16.919 19.023 19.679 21.666 23.589 26.056 27.877
10 | 2.156 3.247 13442 15987 18.307 20.483 21.161 23.209 25.188 27.722 29.588
11 | 2.603 3.816 14.631 17.275 19.675 21.92 22.618 24.725 26.757 29.354 31.264
12 | 3.074 4404 15.812 18549 21.026 23.337 24.054 26.217 28.3 30.957 32.909
13 | 3.565 5.009 16985 19.812 22.362 24.736 25472 27.688 29.819 32535 34.528
14 | 4.075 5.629 18.151 21.064 23.685 26.119 26.873 29.141 31.319 34.091 36.123
15 | 4.601 6.262 19.311 22307 24.996 27.488 28259 30.578 32.801 35.628 37.697
16 | 5.142 6908 20.465 23542 26.296 28.845 29.633 32 34.267 37.146 39.252
17 | 5697 7564 21615 24769 27587 30.191 30.995 33409 35718 38.648 40.79
18 | 6.265 8231 2276 25989 28.869 31526 32346 34.805 37.156 40.136 42.312
19 | 6.844 8907 239 27204 30.144 32.852 33.687 36.191 38582 41.61 43.82
20 | 7.434 9.591 25.038 28.412 3141 3417 35.02 37566 39.997 43.072 45.315
21 | 8.034 10.283 26.171 29.615 32.671 35.479 36.343 38932 41.401 44522 46.797
22 | 8.643 10982 27.301 30.813 33924 36.781 37.659 40.289 42.796 45.962 48.268
23 | 9.26 11.689 28.429 32.007 35.172 38.076 38.968 41.638 44.181 47.391 49.728
24 | 9.886 12.401 29.553 33.196 36.415 39.364 40.27 4298 45559 48.812 51.179
25 | 10.52 13.12  30.675 34.382 37.652 40.646 41.566 44.314 46.928 50.223 52.62
26 | 11.16 13.844 31.795 35.563 38.885 41.923 42.856 45.642 48.29 51.627 54.052
27 | 11.808 14573 32912 36.741 40.113 43.195 44.14 46963 49.645 53.023 55.476
28 | 12.461 15.308 34.027 37916 41337 44461 45419 48278 50993 54411 56.892
29 | 13.121 16.047 35.139 39.087 42557 45.722 46.693 49588 52.336 55.792 58.301
30 | 13.787 16.791 36.25 40.256 43.773 46979 47.962 50.892 53.672 57.167 59.703
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